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ABSTRACT

Two metholds of airer:ft srrestment are investigeted to determine their
suitability for aircraft lsnding speeds far sbove the capabilities of present
arrasting systems,

One method is preescceleration of components of a present arresting
system in order to reduce the reletive impect velocity betwesn the aircraft
end the preeccelerated components. Znergy requirements asni tolerances affecting
timing of the preacceleretion are investigeted sndi illustreted with numericel
exemples,

The other method is the use of =n energy-ebsorbing meterial in the cable
of #n arresting system in order to obviete e seperste erresting engine, Besic
formules for interactions of weves in a yielding ceblz =re developed. The
formules are applied in numericel examples for specific arrangements of the
cadble,

Results indicete thet both methods offer sufficiznt prowise of success

to be worthy of development,
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SECTION 1
INTRODUCTION, PURPOSE AND SCOPE

The introduction of high-speed aircraft with high stalling speeds requires
the aircraft to land at speeds in excess of those permissible with the present
length runways and arresting systems. Inasmuch as the length of runway is subject
to space and cost limitations, a logical area to which improvement may be

directed is that of developing superior aircraft-arrestment techniques.
This improvement may be accomplished in either of two ways:

1. By increasing the aircraft engaging velocity that can be
tolerated.

2. By reducing the initisl impact velocity by preacceleration
of components of the grresting system.

The scope of the present report is comprised of certain problems in the applica-
tion of these two ways to arresting systems which employ a deck pendant

connected, possibly through a purchgse cable, to an energy absorber.

To increase tolerable engaging velocity may require an increase in initial-
impact tolerance as well as an improvement in ability to tolerate subsequent
tension jumps governed by the constyaints of the arresting system. Initial-
impact tolerances for deck pendants of superior materials were investigated in
Reference 1. ©Subsequent tension jumps may be combatted not only by various
sheaving arrangements and end conditions but also by the use of an energy-
absorbing material in the tension member of the arresting system. An analytical

study of the effectiveness of various energy-absorbing materials in this role

Manuscript relessed by authors for publicetion ss an ASD Techniocal Note, August 1961,
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comprises the scope of Section 4 of this report.

Preacceleration of verious components of an arresting system can be
identified with specific features of improvement. Preacceleration of the deck
pendant alone reduces the relative velocity of initial impact, but the maximum
subsequent tension level is virtually unaffected. (A vertical component of
preacceleration of the deck pendant is for the sole purpose of engeging aircraft
which do not have a tail hook that is dragging on the runway). Preacceleration
of the purchase cable and energy absorber reduces all subsequent tension levels
but not the initial-impact tension. A study of methods of preaccelerating
various existing arresting systems or their components comprises the scope of
Section 2 of this report. Preacceleration must be suitably timed with respect
to the arrival of the aircraft, and requires accurate detection of the aircraft
approach path and velocity to control the instant at which preacceleration is
begun. Allowable tolerances for all design parameters which affect successful

timing are determined in Section 3 of this report.



SECTION 2

PREACCELERATION TECHNIQUES

2.1 Purpose and Primary Requirements

The purpose of this study of preacceleration is to determine the
problems which will be encountered in preacceleration technigues and the
extent of necessary modifications of present systems before practical

preacceleration of them can be achieved.

The basic requirement of any practical mechanical system with respect
to its working load is translated to a form amenable to the analysis of
a preaccelerated arresting system. Two general methods of satisfying
this overall requirement are set forth and subse@uently applied to the

arresting systems examined.

Preacceleration of aircraft-arresting systems has the explicit function
of preventing the impact velocity of the hook against the deck pendant from
producing a strain level which will either immediately or after subsequent
wave interactions exceed a tolerable limit. But preacceleration itself
may generase strains in the deck pendant. Therefore a primary requirement
of any arresting system which makes use of a preacceleration technique is,

for all tinme,

cp(t) + ss(t) <e, (2.1)



vhere:

t = time
€p(t) = strain due to preacceleration
€,(t) = additional strain dne to aircraft arrestment
ew = working strain of the load carrying material

In consideration of the above inequalities, a large number of other-

wise favorable methods for preacceleration need not be considered at all.

2.2 General Methods of Solution

Method I

One way to satisfy inequality 2.1 is to preaccelerate the system in
such a way that no tension in the cable 1s generated. This means that
the entire system must have the same acceleration and velocity. The entire
system includes specifically:

1. All the ceble (purchase and deck pendant)

2. All sheaves (including the deck sheave)

3. Energy absorber(s)

4. Carriage(s)

Thus, the necessary and sufficient condition that €p(t) £ 0 is that
all components must be accelerated equally, simultaneously, and symmetrically.
A straightforward manner of achieving this situation is to mount the entire
system on carriages and accelerate them equally.
Method II

if only certain members of the arresting system are brought up to

speed (such as the deck pendant), there will be strains introduced into the



load-carrying members due to relative velocities, and €p will not be zero.
At the time of impact, the strain due to preacceleration must be at a suf-
ficiently low level that the impact tolefance will be greater than the
closing velocity between hook and deck pendant and that no subsequent

wave interaction will produce an € > ew, In order to offer full benefit,
preacceleration must be complete prior to the first critical wave inter-
action in the deck pendant or purchase cable. An unloading of €P is
initiated upon termination of the preaccelerating force. Thus it appears
feasible that one could design a system in which e‘p has decreased to a

small value by the time €a nears its maximum.

Because the determination of the strains produced during the wave
interactions subsequent to impact is a complex and extensive calculation
and not within the scope of the present study, the impact tolerance of
the arresting system will be used as the criterion for a successful pre-
acceleration in the cases for which such a criterion is necessary. Although
a complete design study would require an evaluation of the strdins due to
wave interactions, the impact tolerance is considered to be a suitable
criterion for determining a successful preacceleration of the various

energy-absorbing systems by either method.

Application of Method I to several energy sbsorbers of current interest
is considered separately from the application of Method II because the
masses and velocities encountered in applying each are distinct.

2.2.1 Adaptation of Method I to Different Energy Absorbers

Values of the amount of work necessary to preaccelerate the system

to 200 kt (338 ft/sec) are shown in Table I for the approximate total



wveights of each of the systeme. Table I also shows the quantities of
Propellants necessary to provide the momentum or work requirements of the

several energy-absorbers.

TABLE I

Comparative Preacceleration Data for Method I
(Based on a Preaccelerated Velocity of 200 Knots)

System Estimated Momentum Energy  **Jato (1b) TNT (1b)¥*
Mass (1v-sec) (106 £4-1b) Equivalent Equivalent
(Slugs)
E. W. . ‘
Bliss 215 93,000 15.7 465 131
m vir | 280 916,000 160.6 4730 1338
Water
Squeezer 67920 2,035,000 343.8 10175 2865
Van Zelm 15.2
Metal 266-1050 90,000-355,000 %o 450-1775  127-500
Bender* 60

* Range of values shown is diue to the range of models avallable.
#* Based on a yield of 200 lb-sec of momentum per 1b. of Jato fuel.
*%¢ Based on a yield of 120,000 ft-1b of useful energy per 1b. of TNT
If this method were to be used, a means for programmed breking of the
carriages on the tracks would be necessary. However, -this 1s not a serious
problem, since the braking system could be part of the tracks rather than

the carriages and thereby would contribute no additional weight to be accelerated.

The desirable feature of this method is that the length of the preaccel-
eration run could be made as short as desired, limited only by the power
available. This method would allow the arrestment to be accomplished in the

shortest possible distance.



This method of preacceleration produces essentially no strains in the
system which wculd affect the impact tolerance. The feasibility comparison
thuz reduces tc merely a comparison of the work inputs necessary to accel-

erate the various energy-absorbers.

2.2.2 Adoptation of Method II to Different Energy Absorbers

The strain 6p was assumed to reduce the effective impact tolerance of
the system by 50 knots. The results in Table II are therefore based on
preaccelerating to a velocity of 250 kt (475 ft/sec)a Inasmuch as the
components cf each energy absorbing system are in motion with respect to
each other under preacceleration by Method II (a factor not present under
preacceleration by Method 1) it is necessary to evaluate the behavior of
each energy absorbing system individually rather than Just determine total
masses. The calculations of these results take proper account of the
mechanical ratios inherent in each system. Each component mass was assigned
its proper velocity. In cases where accurate values ¢f the masses were not
available, estimates were made for the sake of comparison. Except for the
second line, the results of Table II do not reflect the effects of friction
and aerodynamic losses; as these effects are relatively unimportant. Same
of the csystems have special energy losses which were also neglected. These
losses will be mentionied in the following discussions under the system in
vhich they occur. Also, except for the second line, the elimination of
deck-sheave and deck-pendant preacceleration for each system will reduce

the energy requirement given in Table II by about 6 million ft-lbs.



Type of
System

E. W.
Bliss

E. W.
Bliss

Navy
Mark VII

Water
Squeezer

VanZelm
Metal
Bender

TABLE II

Comparative Data for Method II Preacceleration
{Based on a Preaccelerated Velocity of 250 Knots)

Components to be Energy
Preaccelerated Required
(107 f£t£-1b)

Deck Sheaves with Carriages
Deck Pendant Cable 13.0
Drum and Cable {rotation)

Purchase Czble and Drum 2.58
{rotation)

0il

Pistons

Piston Rods

Sheaves 7.#2

Purchase Cable
Deck Shaaves
Deck Pendant Cable

Deck Sheaves with Carriage
Deck Pendant Cable 18.52
Purchacse Cable

Deck Sheaves
Dack Pendant 6.36

Equivalent Energy
in Pounds of T.N.T*

108

21.5

154

23

¥ Calculated on the basis that 1 1b of TNT yields 120,000 ft~1b of useful

energy.

E. W. Bliss -« The figures given in line 1 are based on a greater

moment of inertia than the figures given on line 2.

The figures given on

line 2 of Table II take into accourt (as upper bounds) the effects of aero-

dynamic and friction losses.

Navy Mark VII - When the piston moves down the cylinder during pre-

acceleration, it must force some of the oil through an orifice. The energy

required to do thie has been neglected.



Water Squeezer - If the cable is accelerated dry and suddenly immersed,

straine will arise in a manner similar to those caused by an impact. Avoid-
ing this impact can be accomplished in one of three ways. The first is to
preaccelerate the cable and water as one body. Another way is to accelerate
the cable through the water. The third method is to accelerate the cable
through the water and partially accelerate the water to reduce the drag
force by reducing their relative velocity. The additional energy required
by the use of any of these three methods was not considered when the energy

requirement was calculated.

VanZelm Metal Bender - During preacceleration the rollers of the

Metal Bender are separated so that they exert no retarding force on the

strap. Once the aircraft has been engaged, the rollers would be closed in

a programmed manner by & hydraulic or other device. If the Van Zelm Lo Inertia
Reel 1s used, virtually all the energy requirement shown in Table II consists
of the work rneeded to bring the deck pendant and sheaves up to speed. On

this basis it would be possible to reduce the energy requirement to a value
low enough to be supplied by a properly designed cable pop-up device. This
cable pop-up device would set in motion only the deck pendant plus a small
amount of steel strap {the deck sheaves and carriages having been eliminated)
and would preclude the use of a separate preaccelerator. For this particular

system the advantages of a cable pop-up device are therefore overwhelming.

AN



2.3 Conclusion

Consideration of the discussionps of the particular energy absorbers in
Section 2.2 and inspection of Tables I and II will show that, for either method
of preacceleration, the E. W. Bliss and the Van Zelm Metal Bender have significantly
lower energy requirements than do the other systems. Since these energy require-
ments are well within the capabilities of present-day catapult systems, preaccelera-

tion of either energy absorber appears feasible.

10
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Notation for Section 3

Coordinates

- a horizontal axis, coincident with the centerline of runway, positive in the
direction cf aircraft motion.
a horizontal axis at right angles with the centerline of runway.
the vertical axis, perpendicular to the plane of the runway, positive in the
upward directicn.
time variable, measured from the instant of last detection (= measurement)

of the aircraft.

- delay time. t =T is called the firing (or ejection, or pop-up) instant, at

which the preacceleration of the deck pendant is completed, and at which the

deck pendant begins its coasting flight (trajectory).

- predicted (or "extrapolated") trajectory time. t =T is called the inter-

ception instant, at which the coasting deck pendant strikes the underside of

the aircraft fuselage.

Aireraft Trajectory Parameters:

X
m

Zn

= horizontal acceleration of the aircraft - an average value for the duration

o<t=t

= vertical acceleration of the aircraft - an average value for the duration

O<t<T
horizontal component of aircraft velocity (ground speed) at t = O.
horizontal component of aircraft velocity at t =T

0.

vertical componert of aircraft velocity at t
vertical component of aircraft velocity at t =T

horizontal distance between the position of aircraft at t = O and the
deck pendant at t = T.

altitude of aircraft above the runway level, at t = 0.

11



Deck Pendant Trajectory Parameters:

(Referred to the center of span of the deck pendant)

ﬁm = horizontal acceleration - an average value for the duration T<t <t
&‘m = vertical acceleration - an average value for the duration T<t<T
é o ° horizontal velocity component at t = T.

é'r = horizontal velocity component at t = T

&o = vertical velocity component at t = T.

&‘T = vertical velocity component at t =T

12



SECTION 3

ANALYSIS OF DETECTION AND TIMING PROBLEM

3.1 Purpcse and Scope

The purpose of this section is to investigate the detection and timing
problem in an aircraft arresting system employing a preaccelerated arresting
cable where the preacceleration is accomplished by firing (‘bopping up") into
the air of the deck pendant portion of the cable: to determine the relationship
that exists between the instant of firing, the instant of interception and the
aircraft and cable trajectory parameters such as to render interception (i.e.
the engagement of the preaccelerated cable by the arresting hook of the aircraft)
possible, and to study the effect of variations in those trajectory parameters

and from these the problem of parameter tolerance requirements.

Preacceleration of the purchase cable and energy absorbing apparatus,
forwerd preacceleration of the deck pendant, and pop-up of the deck pendant
conceivably can be accomplished by separate mechanisms and so may occur in any

desired sequence.

The case treated here is that in which the purchase cable and energy absorber
are preaccelerated first, followed by preacceleration of the deck pendant in a
direction having both forward and upward components (that is, pop-up and forward

preacceleration of the deck pendant occur simultaneously).

To preaccelerate the deck pendant forward after pop-up would be impractical
from the standpoint of control over the position of the pendant. Forward pre-~
acceleration of the deck pendant prior to pop-up might be practical if the

forward preacceleration is simultaneous with that of the purchase cable and

13



energy absorber, as in the case where all these components are preaccelerated by
the same mechanismj; this case can be analyzed in the same manner as the case
actually treated. Vertical pop-up with no forward preacceleration of the deck

pendant is clearly a special case of the one treated.

If preacceleration of the purchase cable occurs during or after that of the
deck pendant, the purpose of preaccelerating the deck pendant would be defeated
by the tensions generated during purchase-cable acceleration. While this scheme
might be used to control the maximum height of the deck pendant in the case of
purely vertical pop-up, it is regarded as an unnecessary complication in view
of the simple, reliable device already available for this purpose. Conceivably
there are arrangements of sliding sheaves which would isolate the deck pendant
from tensions generated by purchase-cable acceleration; in this case the deck-
pendant motion (prior to engagement of aircraft) is independent of the purchase

cable, so that the analysis of the case actually treated would apply.

In the case treated, preacceleration of the purchase cable and energy
absorber is considered to be independent of preacceleration of the deck pendant.
The device which detects the incoming aircraft and senses its position and
velocity can continue to sense even after the purchase cable and energy absorber
are up to speed, so that the very latest data can be used to determine the proper

instant for deck-pendant pop-up.

The entire timing problem consists of the determination of two instants:
1) The instant at which the purchase cable preacceleration is to be started.
2) The instant at which the deck pendant ejection is to be initiated.
Of the two, the former is much less of a problem in that the timing tolerance

requirements are not anywhere as strict as for the latter.
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The instant of the beginning of the purchase cable preacceleration does not
have to be very closely controlled, because if preacceleration is completed
before it 1s time for the deck pendant to be ejected, then the purchase cable
with its associated equipment goes into coasting, and continues coasting until
the pop-up time has arrived. While the purchase cable accelerating mechanism is
coasting, extra length in the purchase cable is being consumed so that the maxi-
mum allowable duration of coasting (which is a measure of timing tolerance) can

be given by the following expression:

L -1
t =-—C_E
[ v
c
where
tc = maximum allowable coasting time
L = extra length of purchase cable available for runout of
c
the preaccelerating device
L o - length of cable consumed during the preacceleration
p period
Vc = cable coasting velocity

The tolerance of timing the preacceleration of purchase cable is equal to
tc/2, i.e. the preacceleration may be started as much as tc/2 sec earlier or
later than the theoretical aiming instant (an instant such that the time duration

from it to the instant of popping-up is equal to tc/2).

The problem of timing the exact instant of deck pendant ejection is very
much more difficult and exacting, and it is this problem which is being discussed
in the text to follow. It must be emphasized that from this point on no mention
of the problem of purchase cable preacceleration will be made. 1In all the
subsequent discussicns it is to be understood that the purchase cable is in the

coasting phase when the events associated with the deck pendant are taking place.

=
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3.2 Problem Defined

Given any normal landing maneuver of an aircraft, the problem is to adjust
the performance parameters of the arrestment device such that interception occurs
when the aircraft is either coasting on the runway or still in flight just above
the ground. Furthermore, it is desirable to adjust the performance parameters of
the pop-up device in such a way that the “extrapolated” trajectory time t is as
short as possible for any particular landing maneuver. The shorter the “extra-
polated” trajectory time t, the less runway length is needed, and the less will
be the effect of errors in detecting the aircraft velocity and deceleration.

3. 3 Extent and Limitations

Any physically reasonable system of aircraft arrestment is subject to
certain very obvious limitations.,

1) The deck pendant is preaccelerated so that when ejected it has a vertical
component of velocity as well as a horizontal one, and the horizontal component
has the same direction as the motion of the aircraft. To the analysis of this
section it is entirely immaterial how this horizontal velocity component is
generated - whether by preaccelerating the whole pop-up device with the deck
pendant, or by ejecting the deck pendant from a stationary pop-up device with the deck
pendant, or by ejecting the deck pendant from a stationary pop-up device at an
angle @ (see Figure 2), or any combination of previous two methods. The only
assumption made was that at some time t = T the cable is at height zero, position
x, along the runway, and travelling with a horizontal velocity component éo
and vertical velocity component (o and is subject only to air drag and gravity,

2) The horizontal component of cable velocity at the instant of inter-
ception (t =7 ) is less than the aircraft velocity (but it may be higher at the
instant of ejection, so that the aircraft always overtakes the cable going

through its short trajectory and catches it from behind.
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3) Lack of parallelism of the flight path with the centerline of the runway,
and side drift (due to cross wind) were neglected in this section - the trajectory
of the aircraft was assumed to lie in the XZ - plane. It was also assumed that
the aircraft strikes the deck pendant at its center or close to it (i, e., in
that region of the deck pendant which after ejection behaves like a straight
rod*) as it translates - the X and Z coordinates of each point in that “straight
rod” region being the same as those of the center of the deck pendant.

4) As the shape of the cable trajectory in general resembles a parabola,
it was assumed that for the sake of a more accurate prediction of the inter-
ception time T the aircraft must snag the cable while it is still rising (i, e.,
before the cable has reached the peak of its trajectory).

5) The duration of the aircraft detection and ranging from its beginning
to the instant of last detection does not enter into this analysis except in
determining the numerical values of aircraft parameters to be used in predicting
the future behavior of the aircraft. The upper bound for the region of interest
of both t and T is at most 8 sec. In 8 sec. an airplane landing, for instance,
at 400 knots will have travelled 5400 feet along the runway before being inter-
cepted - and this already seems like wasting too much runway length.

3.4 System Analyzed

The aircraft-arresting system considered in this report and its operation
may be briefly described as follows. As the aircraft is coming in for a landing
and is gliding down the runway, the detection and timing apparatus (ground-
located and “looking” in the direction of the approaching aircraft) is constantly
in operation estimating the distance from the deck pendant, the ground speed,

rate of descent, etc,, of the aircraft. As the aircraft passes a certain position

*) For discussion of the shape (i. e., space curve) of a popped-up deck pendant,
see Reference No, 3.
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along the runway, known as the position of last detection, the detection and
timing apparatus takes its last reading and feeds this final information into

a computer, which then adjusts the performance of the pop-up device, determining
at least one of the following: instant of firing (delay time), velocity compon-

ents, distance x » etc. Upon receiving the signal from the computer, the cable-
popping mechanism immediately ejects (pops-up) the deck-pendant portion of the
arresting cable. The ejection is timed so that when the deck pendant is going
thru its short trajectory the aircraft is in the proper position for interception.

i. e., the aircraft overtakes the slower-moving cable and with its arresting hook
snags the cable (at approximately the center of the deck pendant)., From that
point on, the aircraft pulls on the cable, and the cable offers braking resis-

tance until the aircraft has come to a full stop. The arresting cycle is then
complete.

3.5 Mathematical Analysis of the Timing Problem

The analytical approach to the problem of detection and timing consists
mainly of the simultaneous solution of equations of motion for the airplane and
the deck pendant, The implicit solution thus obtained will indicate the rel-
ationship between the popping-up instant (t = T), the interception instant (t = T),
the different trajectory parameters and the distances x, and z,. The equations
of motion to be used when solving the timing problem have to be defined for the
time interval of 02+£T only. To the solution of the timing problem, neither
the motion before t = 0 (except, of course, as it determines the numerical values
of the aircraft parameters) nor after t = T is important. (The equations of
motion for the interval O%t£ T do not hold for t > 7 because after interception

the aircraft is being strongly decelerated by the arresting cable). In as gen-
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eral a way as possible, the equations of motion may be graphically illustrated
as shown in Figures 3, 4, and 5, and the trajectories (which are obtainable from
these equations of motion by the elimination of t between them) in two dimensions
(the XZ - plane) are shown in Figure 2. The trajectories as shown represent
the general case of a landing maneuver with interception by an arresting cable,
the only departure from perfect generality being three requirements (already
mentioned in the Section 3. 3 on Extent), as follows:
a) The aircraft is either losing altitude or maintaining level flight (or
already on the runway).
b) Aircraft is moving faster than the deck pendant.
c) Interception takes place before the cable has reached the peak of its
trajectory.

3.5.1 Equations of Motion

3.5.1.1 General Discussion

In the region of interest (between the instant of last detection,

t = 0, and the instant of interception, t = T ) the positions of the landing air-
craft and the popped-up deck pendant may always be determined from a set of
parametric equations, where t is the independent variable, and x and z are the
position coordiantes (see Figure 1). For any 0<t <7, the position of the air-
craft will be given by

x=f (%, k) z =g, (t K) (3. 1)
and the position of the center of span of the deck pendant is given by

' 3.2
€= £, (‘t-T,ni) [ P 8, (t-T, "1) (3.2)

for T<P<t ; (for 0<t<7T, 8= { = 0)
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In the above expressions, t is the time variable, and ki' Ki' my, Mi' are sets
of trajectory parameters,

If the deck pendant were just simply preaccelerated and ejected into the air
in the absence of a landing aircraft, it would fly thru a short trajectory and
then end up lying on the runway. Such a trivial case is illustrated in Figure
3a and 3b in a general manner. The important thing to note there is this: the
actual § and { curves will be established by design calculations and/or test
results. These, however, may be quite complicated, so that for practicailhc.omput-
ational purposes (computing the delay time) it becomes necessary to approximaté
the actual & and ¢ curves by some mathematically less complicated functional rel-
ationship, called here the approximating function. These approximating functions
are chosen so that they fit the actual deck pendant displacements in the region
of interest (T<t< 7T ) rather closely, and may deviate from the actual curves
considerably in the regions t <T and t > 7. The functions f. and g_ used in
Equations (3. 2) will be some approximating functions, and not the exact actual
functions (which may not even be known, especially if only a set of test results
is available).

Perfectly general conditions for interception require that:

£, (1, k) = £, (T-T, m,) (3.3)
and

8, (T, %) =g (T-1, M) (3. 4)

These implicitly define 2 relationships:

From Eq.(3.3): Tx=F (T, k;» ™) (3.5)

From Eq. (3. 4): T,>G (T, X,, Mi) (3. 6)
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In general, for an arbitrary values of performance parameters and delay
time T, 7, will not equal 7,- The physical interpretation of this statement is
the following: if at a time Tx the horizontal positions of aircraft and cable
are equal, the vertical positions are not; and if at T, the vertical positions
of aircraft and cable are equal, horizontal displacements do not coincide (See
Figure 6 and 7 for visual explanation of the preceding statement). For optimum
interception (in the complete absence of error), both the horizontal and the
vertical positions of aircraft and cable must coincide at the same instant, i.e.,
'r‘x =T z:T + In terms of equations it means that F (T, ki’ mi) =G (T, Ki' Mi)’
which for any given set of trajectory parameters can be satisfied by a unique
value of T. The computation of the delay time T such that F = G be satisfied
is accomplished by the on-site computer. Once the computer has determined T, the
timing problem for that particular landing maneuver is solved: the interception
instant is automatically fixed by the above value of T and the trajectory para-
meters.,

3.5,1.2 Particular Example

In general, the accuracy with which 7 and T can be determined
depends upon how well the functions fa, g, fC and g approximate the actual
motion of the aircraft and the popped-up cable in the region of interest
(C< t < ). Essentially, the exact physical relationships are unknowable exactly.
They can only be predicted approximately. The motion of the aircraft must be
predicted from its behavior prior to last detection (t<0), and the trajectory
of the center of an ejected deck pendant must also be known from previous test
results or theoretical considerations. It must be emphasized here that the

trajectory of the aircraft fromt =0tot =T is necessarily a result of
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extrapolation of the flight path prior tot = 0,

Although equations (3. 1) and (3. 2) may assume a number of functional forms,
each one of them approximating the extrapolated trajectory of aircraft and the
predicted trajectory of cable to a greater or lesser degree of accuracy, in this
section for illustration of the analytical procedure it was assumed that all four
of the equations of motion can be cast in the quadratic form, At2 + Bt + C. The
justification for assuming such a simple functional form lies in the fact that for
small values of t (up to 8 sec), by properly selecting the parameters A, B, & C,
a parabola can be made to approximate a short segment of any actual trajectory
reasonably well. Another reason for assuming a quadratic form is the relative
ease of working with it in numerical computations (as compared to transcendental
functions or a cubic function, for instance) - and a quadratic relationship is
not as trivial as a linear one (there just aren’t any straight line trajectories!).
Furthermore, when the horizontal and vertical displacements are represented by
such a quadratic form, then the independent parameters A, B, and C have definite
physical interpretations: A equals one half of the acceleration {(an average
value over the “extrapolation” period 0<t<T), B equals the initial velocity and
C stands for some initial displacement at t = 0. Then the equations of motion
(3. 1)and (3. 2) in our illustrative example become the following (using the
symbols given in the table of Notation for Section 3):

For the aircraft:

Sc't2

X =
m

+x_ t
o
. o .
2 T4+ E b+ oz
m o © (3. la)

IS T oY [

3]
¥

For the deck pendant:

e:;%gm(t‘T)z“‘ éo(t-T)+xo
1 2 ; . .
E=5¢, (-7 + L (v -7T) (3. 2a)
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One of the conditions for interception is that att = 7 the horizontal
positions of aircraft and cable must coincide:

x= ¢, or

l o . l 2 :
-y T =z = - T -
gxm‘l +xo zem(’f T) +§o( T) + x (3. 3a)

o}

from which an explicit solution for 7  can be obtained:

)T = -(x ~& 4E o) 4 \/(Wcoo +&m?)2 + (-8 (e, - 2€ 146 %)
LY (3. 5a)

For small values of Xm and'é o E@ (3.5a) approaches the indeterminate form 0/0,
so that numerical evaluation of 7, becomes increasingly difficult. To avoid this
difficulty, an alternate form (3. 5b) (which is obtained from Eq (3. 5a) by rat-
ionalizing the numerator) may be used, which for small values of 'x'm and g’m

approaches the form T = displacement

velocity
ox -2 7 4f 7°
Tx = Q O m
~ ; ,.,% ' “’._v——w——g— o r 3
(x, - £ +& 1)+ V(xo - +E T 4 (B -€ ) (ex, - 2@01' +& mT§)

(3. 5b)
The second condition for interception is the coincidation of vertical positions
att = T
z= ¢, or

Lor2, om0 L8 (1 .m2.t (T
> 27 +z°'r+c2_ (m( -T) +JO(--’I‘) (3. 4a)

N )

from which another explicit solution for 7 can be obtained:

» X L 13

o M Y o 1 2 -
**)Ti::_(zo 'tOmeT) _Wzo ":'I!". Cmr[) _ (am _C

« *e co
( 7% - P
L L =m

m)(2 Zo - QEmTz + c OT)

+
) (3. 6a)

*) The reason for taking only the plus sign before the radical (i.e., the larger
of the two roots of Tx ) is clearly seen in Figure 3.

*%) Explanation of the negative sign before the radical can be found in Figure 5.
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or its equivalent aftesr raticnalization of the numerator:

T)  (3.6b)

O-QCmT * o]

Now cl@arlyg'rx must equal T_ if interception i1s to take place; this means

&

that the expressions {3.4a) and(3.6a) or (3.4b) and (3.6b) must be equal. For

any given set of trajectory parameters %) there may be more than one value of T

that satislics the equality'Tx = 7 _. From the practical standpoint, however,

g

03

only the smallest root is important. This determination of the optimum delay

time T will pe accomplished by the on-site computer.

The function of the on-site computer may be divided into two main parts.
Part one is the interpretaticn of the data of aircraft detection apparatus - at
certain time intervals the computer receives sets of detection apparatus read-
ings (which are six in any set of readings: position along the runway, vertical
components of speed and acceleration) and from this data it determines parameters

? 2 io’ éc wailch describe the "extrapolated” part of the aircraft trajectory

(i.e., the positions the aircraft assumes between t = O and t =T ). Part two is
the determination of the cable performance parameters such that the cable pops

up at the right positicn along the runway (parameter xo), at the right time t = T
and with the ccrrect velocity components to effect a successful engagement

of' the cable ty ithe arresting hook of the aircraft. The number of the parameters
(xo, T, io’ éo) to be Zetermined depznds on the physical configuration of a
varticular arresting syster: used, for instance: whether the pop-up device is

stationary or movable with respect to runway, whether the pop-up device ejects

*) These parameters are constant with time (by definition) for a par’icular
landing
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the deck pendant at a fixed or a variable angle @ (measured from the horizontal),
a fixed or a variable (i. e. adjustable) ejection velocity. If, as in the ill-
ustratory case analyzed in this section, the pop-up device is stationary at x

feet from the position of last detection, and the pop-up velocity and angle are
fixed and of known magnitudes, then all the computer has to do is to calculate

the optimum delay time T and feed that bit of information to the pop-up device.

3, 6 Tolerance Requirements

The purpose of this subsection is the finding of the following two relation-
ships:

a) Equation for the estimation of the maximum permissible variation
(tol.era,nce)A’rP in the computed value of T , in terms of aircraft
dimensions and the velocities at impact (i. e. interception) of both the
aircraft and the cable.

b) Equation showing how variation of the actual 7 - value from the theoret-
ical (computed) depends upon small variations in the individual trajec-
tory parameters, i.e., demonstrating the component parts of T,

The following discussion is based entirely on the preceding investigation of
the detection and timing problem, and therefore is subject to the same limitations;
however, it is general enough not to be restricted to the illustrative case
analyzed both in the preceding subsection and this one.

3, 6.1 Motivation for the Tolerance Problem

It must be emphasized that what the on-site computer determines and
adjusts (firing instant T, or cable trajectory parameters, or both) will yield a
theoretically perfect interception instant (the x and z coordinates of the aim
point on the aircraft, and the center of cable will simultaneously coincide) and

two intersecting trajectories (mathematical lines). The theoretical time will
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actually never be realized (unless by a rare coincidence) - the actual inter-
ception time 7'a will differ from 7T a little due to sligl. errors in the evaluation
of trajectory parameters and firing instant T and due to the inability of the
control mechanism to time the instant of cable ejection exactly even if the true
optimum time of ejection were known., Likewise, the actual trajectories will
differ, however slightly, from the theoretical (i. e. the ones described by the
equations of motion, Eq. 3.1 and Eq. 3.2) ones, so that the actual interception
point (intersection of the two trajectories)will not coincide with the theoret-

ical one. However, as it is not important where exactly and when exactly the

interception occurs so long as it does occur, the problem of tolerance evaluation
was approached by considering the deviation of the actual interception point
from the theoretical one.

3, 6.2 Problem Defined

The subproblem of setting-up of tolerance requirements in the overall

problem of timing and detection may be defined as follows:
Consider a given landing maneuver and a given arresting system. This means

a given set of data from which the on-site computer extracts (computes) the
different trajectory parameters to be used in the solution for the optimum
delay time T, and/or other cable trajectory parameters. The question is: How
large a variation from expected values in each of the parameters involved is
permissible, and how large can the summation of the effects of those individual
parameters be such that a successful interception is effected (i, e. such that
the cable impinges upon the aircraft somewhere within the permissible impact
region, Figure 8a).

3. 6.3 Effect of an Error in T

Before discussing the effect of an error in T it is necessary to take

a closer look at what is happening at the instant of interception, and to define

33



pu———— ]
Direction of Aireraft Motion

D -
|

' Aftmost
obstructioy

[

Aim Point (at midpoint of L)
Underside of fuselage

Arresting
hook

—— — —
— - —— —

fe——~Vertical line

]
\

—

(a) Definition of L, D, h,¥,¢

¢ Ny

(showing the variation of ¥
4 direction of T

Horizontal Line

(v) Velocity Diagram
with magnitude an

Figure 8

Space and Velocity Relatious Between Aircraft and

The Deck Pendanut Just Before Impact

3



a few more terms.

It was stipulated in Sec. (3. 3) that “the aircraft must snag the cable while
it is still rising”. The justification for this requirement becomes evident after
this consideration: from Fig. (8a, b) it is seen that when a rising cable impin-
ges upon the aircraft, the impact takes place on the belly of the aircraft. If
the interception were to take place when the cable has already passed its zenith
and is descending (such as at point 2 in Figure 5), it is evident that the cable
then would land on top of the aircraft. The desirability of such a case is highly
questionable, so that the assumption that the cable must hit the aircraft ftom
below seems quite reasonable, Hence, the requirement that the interception take
place before the cable has reached its zenith.

Since the arresting hook and the associated cable impact area must be on
the underside of the aircraft, such a general picture is shown in Figure (8a).

From the velocity diagram in Figure 8 it can be seen that so long as the
aircraft velocity V ‘= T+ )att =T is greater than the cable velocity T
(= v é’i + [;27—) at t = 7, then the cable will approach the aircraft with a relative
velocity Vr that is directed upward and rearward at an angle ¥ , called the angle
of incidence (see Figure 8a and 8b). The cable impacts the aircraft fuselage
at an angle (3 +9), then after impact it slides along the belly of the fuselage
till it hits the arresting hook and becomes lodged there. With this event the
interception phase of the arrestment is completed. This event marks the end of
the time interval for which the equations of motion were defined.

3.6.3.1 Conditions for Interception

For the interception to be successful the cable has to approach
the aircraft in such a manner that it strikes the belly of the aircraft any-

where forward of the hook and aft of the aftmost obstruction *), Fig. (8a)

*) Aftmost obstruction - anything significantly protruding from the smooth
underside of the fuselage and wings, such as the landing gear, for instance
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illustrates the impact region AB with its associated cable approach paths (Paths
#1 thru #4), as well as two typical approach paths exemplifying unsuccessful
interception.

In Fig. (8a) the angle of incidence y is determined from the velocity diagram
Fig. (8b) - any cable approach path has the same direction as the relative vel-
ocity Vg at the time t = T, If the cable approaches along any path between
the two extremes #1 and #4, then it is snagged by the hook and the interception
is successful, If it approaches along a path such as #0, then it hits the aftmost
obstruction, most probably with disastrous results. If the cable approaches
along a path such as #5, it misses the hook completely so that the aircraft
continues on its course unhindered.

Since the aircraft trajectory at t =7 will in general be almost horizontal
(6 very small in Fig. 8b) and the cable velocity T will always be lower than the
aircraft velocity V, then it is seen from Fig. (8b) that the relative velocity Vp
(cable velocity at impact) will always be directed upward and rearward, thus
making the angle of incidence § always less than 90° in the direction shown in
Figure 8a. This angle ¥ together with the height of aftmost obstruction h and
the horizontal distance D (between the hook and obstruction) determines the length
of impact region L for any particular aircraft, as follows:

L=D-htan (7+¢) (3.7)

where

tan (y+¢) =[x -€
#-¢

t =7

so that finally

L=D-h (X _-8&

é-.; t =T (38)



From the above it can be observed that L is not a unique quantity for a
given aircraft because it also depends upon the velocities of the aircraft and
the cable. This means that the aim point (defined as the midpoint of the impact
region AB) is not a fixed point on the aircraft.

3.6.3.2 Range of L and Location of Aim Point

As can be seen in Fig. 8a, the L can range from zero (when 7y is
approximately equal to arc tan D/h € 90°, which in terms of velocities means that
T is small in comparison to V) to almost L. = D (when ¥ is almost zero, which in
terms of velocities means that x 7‘=7g.7')' Thus the aim point can lie anywhere
between the hook and the midpoint of distance D,

3.6.3.3 Meaning of L and Aim Point

The quantity L. as given by Eq. (3. 7) defines a region on the
fuselage belly such that if the cable impacts the fuselage inside this region,
interception is insured; if outside this region - no interception takes place.

The midpoint of L. defines the position of an imaginary point on the aircraft -
the ain. point - whose x and z-coordinates were employed in Sec. (3.5.1.1) to
specify the aircraft position by means of the equations of motion, Eq. (3. 1).
Large values of L mean that the “aiming” problem is not as difficult,
because a large “target area™ (impact region) permits greater deviations from
the “bull's eye" (the aim point in our case). And a large L means that the
angle of incidence must be small, and this in turn means that the cable velocity

must be high relative to the aircraft velocity (see Fig. 6b)

3. 6.4 Method of Approach to Solution

In the previous discussion the conditions for interception were defined
as being the requirement that when £, = CT , then also X, must be equal to
CT at some time t = 7. This, however, is a very stringent physical requirement
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(but more easily solved analytically), and it implies a “perfect”, or theoretical
interception (it is sort of a “bull’s eye™ hit, in this case the “bull’s-eye™
being a point). A less stringent physical (but more difficult analytically)
condition would be as follows: when z; = ;1- , then x o = 5,1,* Ax where Ax
is any specified, small quantity. It is this latter condition that the tolerance
requirements problem is based upon, and a graphic representation of it is found
in Figure 9.

In Figure 9a is shown a general case of the functions z = g_ (t, Ki) and
£ = €. (t-T, Pi) plotted against t. At t -Tz the Z coordinates are equal, which
means that the cable is at the same height as the underside of the fuselage. A
look at Figure 9b reveals the fact that att = 7,, x,r;( 4 T but differ by a small
quantity A x. The physical interpretation is this: att = 7T 2 although the
cable is touching the aircraft belly (z =§ ), the impact has not taken place at
the aim point, but either forward of it (A x') or aft of it (A x"), as the case
may be. So long as either A X' or Ax" does not exceed L/2, interception is
successful. So here is one statement of maximum tolerance:

Ax<%,wbere Ax:x,.r - éT (3.9)

Investigating Figure 9b further, it can be seen that if there had been no
aircraft to interfere with the motion of the cable, the cable would have been
overtaken by the aim point at some later (or earlier) instant 'Tx' (or Tx") .
(Note that at t = Tz the X coordinates no longer coincide), The difference
between the instant when the Z-coordinates coincide (t = Tz) and the instant when
the X-coordinates coincide (t = 'rx) is denoted A T, and called the actual timing
error:

Ar =7, - T, (3. 10)
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I# +his AT coull e scmehow related to A x, then a way would have been
found in defiring the tolerance requirements. Such a relationship actually
exists. Referring t¢ ¥ig. 9b, and assuming that the quantities Ax and AT

' &

are sma:l enough 3o trat in the interval TZ< t<'Ty the x and & - curves are

practically straight lines, it can be observed that the following is approximately

true:
&= BAT =3 AT
dt
and
b -hx = (}*_/C:,_AT:é AT

4
After elimination of & between the two equations:
4 3

Ar = —=——
% - (3.11)

ALY

Then the maximim permissible timing tolerance will be defined as

AT - _b/_é_
b % -f (3.12)
If in Eq. (3.12) L is replaced by the expression given by Eq. (3.8) then the

foliowing is ohtaired:

AT D 1
! = o . = . . (3 128.)
P ol _ £ 0 - .
2(x¢.- £.) 2 (z -t)
It is evident that for successful interception A7 must always be less than
‘ P, or
AT < L 2°
% -k, (3.13)

i

3.6.5 Evaluaticr of the Actual Timing Error AT

Assuning that the functions T = F (pi) and T, =G (pJ)(Eq. 3.5 and
Eq. 3.6, respectively) ars analytical in the region of interest, then they can

be erxpanded in Taylor's Series about a given point, called the theoretical
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point #*) in this discussion. Furthermore, since for a successful interception

the numerical values of Ty and T must be nearly equal, then of interest are

only small variaticans in “} and 7 . ThenT % and T 5 TBY be approximated by a

Z

Taylor's series, expanded about tre theoretical point. Using only first order

terms, i.e. T_ =T+ AT_, T. =T+ AT vwhere AT_ is the total
4 X z z X
differential = 2 Fyeul A}gi
.l"'l Pi
Oy ar+ 8T
T =T 4+ == O~ ) —
oT api Apy (3.5¢)
and
oT a'rz
T =7 4+ ~— AT 4+ Z-—= Ap 6c)
dT 3=1 Op J (3
Here pi, pj = various parameters, excluding T
AP = |P -p
actual theoretical
and
T= | T - T
A actaal » where

T - as previously defined

T actual -~ actual delay time that occurs on a particular landing.
(So that AT is the result of the inability of the apparatus to exactly control
the irstant of pop-up).
But by defiziticn the theoretical interception instant 7 is:

T=F ()0, =% (Py) theo.

Now, Eg  (3.5¢c) and (3.6c) may be written in a more compact form:

Ty = T+ AT (3.5d)

T, = T+ AT, (3.64)
In Sec. (3.6.4) the actual timing error AT was defined as

AT = T, -7, (3.10)

#) The theoretical poin® is that which is given by those values of the parameters
p, and p 3 that ar- evaluated by the on-site computer.
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(3.63) are substituted into (3.10), the T cancels out

When Eqs. (3.5d) and
and the follcwing is obtained:
LT T T 5 |AT. - AT | s
X 'z X
g jar |+ loar, m-x |+ | a7, | =
B:ry 3T )
- ( R ) heo
< (aTx ) AT|+

N

or. or i PA T
=z KXo Z l
cT oF
3.6.6 ¥Formula for Evaluation of Tolerances
Interception in the worsi possible case is certain, provided that
OT ~dT, \AT |+ = I%B_‘Ap +ZIBG Ap,|s | L/2 (3.13)
X -
R Py | %7€,
In the akbove formula the right-hand side of the inequality, namely
ATp =z L_"& » Tay be evaluated from the alternate form of Eq. (3.12)
T T
AT = L = =
P 2(X-E) 2(2,-C) (3.
An alterrate, rore readily usable and visualizable form of (3.13) from
which the «ffect of small changes in the parameters can be estimated, is given
below:
n m
| AT + 2 | Apq + 2 | APJA
2
1z T./2 1=1 L/2 j=1 |
I/aTx o\ oF (iT-gT 3G
- X = : 0
‘\a - 8'?)( & ) I ap1 Py
(3.13a)

+ ‘Z du ApJ
(63i) Theo.

2 |

Bpi

a¢ \Ap =
(510) Jl
'jzla lIAp1|+Z |6G| IAPJ|
J

12a)
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3.6.7 Particulsr Example

T¢ illustrate more specifiically what is meant by the aforegoing state-
nents, the specific example of Sec (3.5.1.2) will be continued.

Tec rezeat, in the illustrative problem the equations of motion were of the

form

X = % °}Emt2+1?cot

Z = -]é'- :‘m t2+z°;ct+zo (3.1a)
and

&:% @m(t-T‘)2+€o(t-T)+xo

C:% o(;m (% 'T)2+éo (t - 7) (3.2a)

from which the implicit expressions for Ty and T, were obtained:

l . 2 . l 2
5 xm7x+xo.rx=§€m(‘rx-T) +go('rx-T)+xo (3.3a)
and

L ‘o 2 R - ,‘_]_- 2

5 “mTz+"‘o'z+"‘o—2cm(Tz'T) +CO(7—z -T) (3.k4a)

Partial differeatiaticn of (3.3a) leads to the expressions for (a T ) and
X

T
a’rx s as follows:
Bp

i
2 , 2
s;c ) -1/27.° o7, - 1/2 (7, -T)
£, vy dEm vy
or T o
-y o= s-i(- 3 Tx = Tl"T)
X 1 Eo 1
O G e Oy 1
3 T
T V1 on 1
N e (2] N . ,0
where Vl xm--ém)’rx + k- i_o + & T
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Similarly, vartial differentiation of (3.4a) yields a series of analagous

expressions for (, 'rz) and the B'rx) 'g:
i

3 spj

or, =1/27Z or, 1/2(7,-T)®
hwrand o2 = ————V———-—-—
0z, v, BEm 2

T - o ~T
oz v og v

o} 2 2
T fn (BT Ua. o
2'I' Vg aZ V2

where Vs 2('zm 'cm)Tz * 2y = Gty T

Substitution of the above expressions into Eq. (3.10) yields an expression for

the actual timing error, where the partial derivatives were evaluated at p i's

and p J's equal to their theoretical values, T = +the approximate root obtained
from computation and 7 = 5 (7 +7 )~ Ty ® Ty
OTy oT OTx\ A ¢
AT = / AT + XlA X
5 - T“ l* (o) &5 1 ey % |
+ ( ) + ( ) + (972 )A Z
Ve
¢ é: aéo dZ
L a'T S | o
+ +aTz AL + z|lA L |+ aTzAz
Cron B ] ° x| °
O m o (o]
< l 2 l
-t
L=y
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The above expression may now be rearranged so as to assume the form of

Eq. (3.13a):
at) , | ‘A; , lax | \ |A€m|+
L, :L.-., L).(_‘ L, Ly
sl et Jesy i
L; Lg L, I, Ly
af. ] |
* f"_ =1 (3. 13b)

where the subscripted L's - called the parameter error limits - are given by

the following expressions (these L's have nothing commom with the L given by

Eq. 3.7):
LL2
Lp =13 =78 A
ar o
L = L/2 L, = ——242——
* (’.c'r"g'r) (Aﬂx> (i'r'e-"r) (aTx)
T X,
L = _ /o Y _ .1_./2
X (;";T-g,r) <5Tx)‘ (J'cT ﬁT)(BTx>
3%
o m,
. /2 = L/2
L: = Lige
- U&'r ‘T>(B'Tx) £ (i'r"é'r)‘ aTz)
3, EL
L, = - n/z T = L/2
2,5 &rz) Z (&€ (afz>
Béo oz
Ly = . T/2 Lé = L/2
N R A) G-, o,
m o
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3.7 Discussion of the Side Drift Tolerance

The allowable tolerance in the lateral (Y) direction (the allowable side
drift of the aircraft, measured from the centerline of runway) is the minimum of
the following: the width of the runway, the distance between kinks in the cable
(the straight portion of the deck pendant) at t = T , or the distance (at t =7 )
from one kink to the opposite edge of runway - if the other kink is outside, not
above the runway. The actual lateral deviation {(or side drift) of the aircraft -
which must be less than the allowable tolerance - is equal to the following:

(The error in the final detected position of aircraft) + (the Y - component
of aircraft velocity) X t + l t2 X (the acceleration or deceleration in the Y -
direction). :

3.8 Summary of Procedure Followed in Obtaining the Computed Results

The computed results plotted in the graphs of this report were obtained by
following the procedure outlined below (which is identical with the procedure of
the illustrative example):

1. For the equations of motion a functional form was chosen - a quadratic,

in particular.

2. Particular values were assigned to the parameters (of those quadratic

equations of motion) - values which were thought to be of interest.

3. The proper delay time T was found which would be required to cause

impact (interception).

4. On the basis of this value of T the expected time of engagement

(interception) was computed.

5. On the basis of the particular values of parameters and the resulting

values of T and T the partial derivatives with respect to parameters

and to T were evaluated. The expressions that were partially differ-
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entiated were the implicit equations for Ty and T '
Using these values of partial derivatives and the maximum permissible
timing tolerance, the effects of errors in any one of the parameters as
compared to the overall tolerance were calculated.

Specific tolerance values for different parts of the hardware can now be
estimated by assigning a certain variation to the parameter(s) controlled
by that particular part. The formula to be used for the evaluation of
those allowable tolerance values is Eq, (3. 13b) which indicates how much
error in the estimated values of individual parameters can be tolerated
if the aircraft is to be successfully intercepted. For instance:

suppose that all of the parameters evaluated by the on-site computer are
exact (i. e. if used in the equations of motion, they would exactly
represent the actual motions) except for one, namely the velocity ;(o’
then for a successful interception the difference )'co between the exact

theoretical and the actually estimated value of ;‘co must be less than the

quantity Lx (from Eq. 3.13b: [A >'<O £ 1, all the other terms vanishing

L
X

because by assumptiond :',-lm =0g n e etc.esa= 0)

3.9 Modification of the Computational Procedure

If it is decided that the simple quadratic form for the equations of motion

is a much too coarse approximation of the actual motions of aircraft and deck

pendant, then a set of different, more accurate approximating functions *) may be
employed. The computational procedure as given by Sec. (3. 8) is not changed as a
result of a different choice of functions for the equations of motion - Steps 2

thru 7 remain the same, only Step 1 should read:

*) For the definition of approximating functions, see Sec. (3.5,1).
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"The functional form of the equations of motion was chosen a8 a power series
(or Fourier series, etc., as the case may be)."

3.10 Explanation of the Curves

The data for the curves of this section was obtained by the process already
outlined in Sec. (3.8) and partially illustrated in Sec. (3.5.1.2) and Sec. (3.6.7).

The optimum delay time T, time of impact 7, velocity difference at impact

> > - ; \
Vg= V-T | ='\/}' -k ) + (% - g, )2, and the parameter error limits
LN's (where N = %, %, ¢, g , 2, 2, C C , X, z) were plotted as functions of the
difference in initial vertical velocities (i.e., the algebraic difference Qo - éo).

The five curves on each sheet correspond (as labeled) to five different combinations
of values for io, (io -é O), and éo. For all curves the values of the following
parameters were held fixed:

5 ft/sece (rate of descent decreasing)

Zm =

éo = -15 ft/sec (descending) fln = -100 ft/sec2 (slowing down)
"m = -30 ft/sec2 (slowing down) .ém = -80 ft/sec2 (slowing down)
x, = 100 £t L = 5p %

A note on the values of parameter z: the descent of aircraft stops as soon
as its height reaches 5 ft, and from that instant on the height stays constant at
5 ft. It was assumed that by the time the belly of the aircraft has reached thet
height the wheels would already be on the ground. Therefore for the curves
labeled z, = 5 £t the following is to be understood:

Z =0,%2 =0andz =2 =5 ft.
m o o

l/ The length of successful impact region was chosen as 5 ft merely as an example.
The curves of this section are still readily usable for other values of L,
since the dependent variable in each case is directly proportional to L. For
instance, if the actual value of L is 6.52 ft, then the corrected value for L
will be (6.52/5.00) X (the value of L, as read off the curves).
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3.11 Conclusion

In &n arresting system which is preaccelerated to engage the aircraft, there
must be a rationsl basis on which to establish a set of tolerances on error in
measurement and vaeriation in execution. Permissible combinations of tolerances on the
engaging-system parameters can be found readily from the parameter-error limits cal-
culated according to the preceding analysis.

These error limits are essentislly a set of scale factors for converting the
parameter tolerances to such a dimensionless form that their sum need only be less
than unity to assure engagement of the asircraft. If any one tolerance is made equal
to its error limit, then its dimensionless value is unity and there remains no margin
for error in any other parameter. If equal shares of the permissible total system
error are allotted to the eleven parameters, each dimensionless tolerance would be
one-eleventh. If any require less than an equal share, then greater tolerances are
avallable for the others.

Parameter-error limits for five families of numericel examples are plotted in
Figures 13 throv'm 23. Examination of the curves shows that %he error limits on %,

E , and Z are so generous that routine measurement or achievement of these parameters
would require far less than an equal share of the permissible total system error.

Error limits on'é and Z show variation by factors of 10 to 100 or more; with judicious
design, the larger error limits would become applicable and these parameters also
would then require less than an equal share of the permissible total system error.

The most stringent tolerance requirements are on T, é s X, é s 2, and especially x.
However, these parameters, in comparison with the accelerations, are more easily
measurable in the case of the aircraft and reproducible in the case of the cable.

Design of a system within permitted tolerances appears feasible but will require

some precision equipment to assure the required accuracy of measurement and degree of

reproducibility.
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Notation for Section b

& e Tension member elastic modulus, pounds

AEP Tension member plastic modulus, pounds

e Strain wave velocity, feet/second

c train wave velocity (unloading portion of curve), feet/second

c* Kink velocity relative to cable, feet/second

@ Kick velocity when ¢ = c¥*, feet/second

ry Coefficient of drag per unit of wetted area of cable, dimensionless

i Dismeter of cable, inches

E Initial stress-strain modulus (elastic) pounds/inch2

£ Length of wetted cable, feet or inches

m Mass of aireraft, slugs

t Time, seconds

U= éec(e)dE , feet/second

u Cable particle velocity, feet/second

v Aircraft velocity, feet/second

b4 Pogsition coordinate along cable relative to hook, feet

a Acute angle subtended by path of aircraft and cable at hook subsequent to
impact, angular degrees

B Acute angle subtended by path of aireraft and cable at hook, angular degrees

Y Angle subtended by cable wrapped around sheave, angular degrees

dule Increments of cable particle velocity and cable strain, feet/second and dimensionless

€ Cable strain, dimensionless

c® Catle strain when ¢ = c*, dimensionless

6 Acute angle subtended by normal to aireraft path and cable, angular degrees
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M Lincal mass depsity of cable, slugs/foot

) 3

, P Mass density of material, slugs/foot
-, 2
b ag Stress normal to cross-section of cable, pounds/inch
N

3 '

f ¢ ¥ink angle, sngular dsgrees

%
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SECTION 4

USE OF ENERGY ABSORGING MATERIALS

In the presently employed arresting gear systems the tension member
absorbs only a portion of the kinetic energy which must be dissipated after
impacts, and auxiliary equipment must be used to dispose of the remaining
energy. Tension members capable of absorbing the entire energy input through
plastic deformation would eliminate these auxiliary devices and greatly simplify
the arresting gear system. However, such members have an undesirable character-
istic in that their plastic deformation process exhibits an irreversible cycle
and restricts their use to a single aircraft recovery.

In addition to the energy absorption property a tension member must possess
an impact tolerance associated with a free ended condition (Reference 1) such
that this tolerance exceeds the required impact properties by an amount sufficient
to withstand the effects of reflected wave interactions under conditions other
than free ended. An energy absorbing system will involve end conditions other
than free. Therefore, the strain produced by the initial impact will be
augmented by the additional strains imposed through the reflections of the
initial strain wave and the resulting wave interactions. The problem, then,
becomes one of selecting end conditions such that the sum total of the initial
and subsequent strains at any point in the tension member shall not exceed the

allowable strain of the tension member.
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The strain wave phenomena following impact in plastic materials are complex
and not amenable to elementary solution nor reducible to the techniques presented
in Reference 2 for linear materials, i, e., materials having a constant modulus

of elasticity (E).

As developed in Reference 2, when the modulus of elasticity (E) in a linear

material is a constant, then ca = T;lx_ . %% reduces to c2 = 2 g which can be
written as CE = .._J;, oA _ 1 O _ Eand c-=| E which is a constant.
PA € p € P {

The cable particle longitudinal velocity u is then given as u = c(€ - eo)
which is essentially the linearized form of the integral u = _écde with ¢ as
a constant. However, for a non-linear material, which includes the plastic
materials, E is not a constant and c therefore is not a constant but depends
on € . The cable particle velocity is now designated as u = éi c(e )ae
and the integral must be evaluated to obtain u.

Because of the atove limitations, the problem of selecting suitable end
conditions was approached by first conducting a theoretical investigation of
strain-wave interactions in the plastic region under conditions applicable to
the present study; these solutions were then applied to specific arresting
techniques to determine their practicability.

In the arresting systems studied, the performance of a specific cable for
a particular aircraft weight and landing velocity is found. The methods of
analysis do not lend themselves to generalized solutions and the performance
of a particular technique must be found on a trial and error basis, However,

an extensive computer solucion in which all ranges of variables are considered,
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would establish a performance envelope so that the practical limitations of

any technique could be determined., It is intended in this Technical Note, to
show only a specific case for a particular end condition and to indicate whether
cable failure occurs before the aircraft is brought to rest,

4.1 Wave Interactions in the Plastic Region.

Wave interactions which occur in the dynamic treatment of a plastic arrest-
ing cable are formulated in this section. Although the nature of wave propagation
in nonlinear media is a field which is still under current investigation, the
strain levels which arise in a cable after aircraft engagement are predicted in
this report by using approximate methods of solution. For example, the only type
of transverse wave considered in the development of basic formulas is an isolated
singularity or a kink. Actually, due to the occurence of continuously distributed
strain fields along the cable, transverse waves will eventually emerge as continuous
changes in the orientation of the cable, Thus, in application of the basic formulas
the principle of coincidization (formulated in Ref. 2) will often be relied upon to
coalesce the total change in cable orientation to a single finite kink,

The analysis is limited to materials which exhibit a stress-strain relationship
in which the curve is concave downward in the direction of increasing strain (see Fig. 24
for an example of a concave downward curve) and hence dispersion, rather than shock
conditions, are present in the sections of the cable which are subjected to increasing

loads.
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It is further assumed that the engagement of the aircraft is symmetric with
respect to the arresting cable pay-out and that deck sheaves can be adequately
represented by mathematical points.

4.1.1 Propagation of Singularities

There are, in effect, two disturbances present under a transverse impact
condition: a strain-wave singularity and a transverse disturbance or kink.
These phenomena are analytically investigated in what follows. However, prior
to the study of the various applicable cases two parameters essential to the
analysis must be evaluated. These two parameters are the longitudinal particle
velocity ( u ) and the kink velocity ( c* ).

In the following formulations the positive direction for the particle
velocity ( u ) is taken towards the right as seen by the reader. Thus the
strain-velocity { € , u) relationships for a leftward-running longitudinal wave
is governed by the equation (see Reference 2, Appendix A)

5u = +c (€)éc (4. 1)

while the corresponding relation between strain ( € ) and particle velocity ( u )
when the longitudinal wave is propagating in the same direction as positive
cable velocity is

du = -c (€)e (4. 2)

Thus the notation is purposely chosen to be consistent with that presented

in Reference 2. In the above equations, the velocity at which the disturbance
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is propogated depends, of course, on the local strain differential. Integra-

tion of equations (4. 1) and (4. 2) over a wave front yields the relationships,

&2
U -w = +j€ c(e) de (4. 3)

1
and,
€2
we-w = -/ c(e)de (4. 4)
€
1
€2
To evaluate the integral fs c(e ) de it is expedient to introduce
1

a new function U (C ) defined by

€
U(e)=Jf c(e)ae
o
€2 €2 €1
Thus fel c (€)de = feo aole) de -j'eo cle) de U, - 7.
The functions c versus € and U versus € can be represented graphicaily as
shown in Figures 25 and 26 respectively.
The velocity of a transverse disturbance (kink) relative to the cable

at strain € and tension T(€) is given in Reference 2 as

(%) - ﬂ.l“"@ . Sl (4. 5)

where p is the mass of a unit length of the cable and p is the density.

Curves of T(€), c(e), and c*(€) for a stainless steel cable are included
for illustrative purposes. These curves were previously presented as a part

of Reference 1 and are reproduced here as Figures 24 and 25,
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For the purposes of this investigation a series of cases applicable to the
pregent study are theoreticslly analyzed. They are presented below as & series
of irdividual kink =nd strain-wave interactions under different environmental
situations. It is intended that they represent a range of conditions pertinent

to the applicability studies which follow them.

b.1.2.1 “ransverse impact (Kink Lags Wave Front)

Figure =7 pagzT75 represents the strain levels which are present in
the cable immediately after aircraft engagement. The cable is supposedly at
rest (UO = 0) and at strain {;O prior to aircraft impact at a given velocity vt.
The aircraft landing path is &t an angle B with the initial direction of the
deck pendant. Since the distances which are depicted in the figure are given
in terms of a product of velocity and a prescribed time, the figure can be
congidered as a velocity diagram. The wave front, W, represents a loading wave.
Aheged of the front, such as point A, the cable is still undisturbed and hence
is at the strain €5 ard motionless (Uo = 0). Behind the wave front, the uniform

strein level is represented by ¢ .

Corresponding to this strain, the cable moves to the right with a velocity,

u, given by equation (%4.3), since U, =0, as

U-0 =u= [_ cde (see page 33 of Reference 1)
o
Because the hook is tacitily assumed to have no slippage with respect to the

cable, pcint Q is moving away from point R with the velocity c*. Thus the point

-
=



Kink Lags Wave Front

Figure 27

Velocity Diegram for Transverse Impact
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& moves awsy from the point of impact P with the velocity c¢* - U and the

hook R moves away fyom P with the velocity V.

The sides of the velocity triangle and the angle B are related by the

law of cosines,
.2 ¢
(e*)” = (g% - m)'2 +v 2oy (c* - u) cos g , (4.6)

*
where, in view of the above velocity-strain relationship, and since ¢ 1is given
in equation (%4.5) ag & function of the strain €, only € is unknown. The

*

¢ vs. r relationship given in Equation (4.5) caen be graphically represented

as shown in Figurs 27.
Consequently tl}e triangle relationship can be written,

(c¢)r" = (g% - U+ Uo)2 +V 2 + 27 (c* - U+ Uo) cos B . (%.7)

€
In the above equatign, UO is meant to be U(€ o) = fo c d€¢ and U denotes

U{:" } as previously defined. The function U is not the particle velocity ahead

of Q. The particle velocity is given by
= € -
1} . cde U Uo

The kink angle ;?) can be found by the law of sines,

sin§ _ sin g
Y - c*

Here wz must restrict our strain such that c(€ ) > c*( €) so that all parts
of the wave front ars travelling faster than the kink (as indicated in the

figure). If the resultant strain is high enough, then the kink will be travelling
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faster thar some part of the wave front for, in accordance with the assumed
strass-sirain eclationship, c* is a monotonically increasing function of
strain while ¢ is & monotonically decreasing function of strain. Thus at some
strain, say «®, c* ¢0®) = c(®). In view of this last relationship, the

case considerad restricts ¢ to e < €@, The case where ¢ > ¢ @ is

treated in the following s=ction.

It is notad that if co is assumed to be zero, then UO = 0 and the particle

velsocity + 1is equal "o U. Consequently equation (4.7) reduces to

PRY : w2 . 2 2
{e*)™ = {(c*¥ - UY" +7 T +2V" (c*-U) cos B ,

wnich is equivalent to equation (3.5) of Reference 1.

[T . - - . - .. Y
Lo, Iransrers: Impact (Kink Travels With Wave Front)

If the impect velocity is high enough, the maximim strain will
be greater than € @ so that some portions of the wave front will lag behind
the kink., Except for this modification, the formulation is the same as in the

~
previous szction.

The velocity diagram of Figure 23 indicates the strain field and velocities
associated with particular points of the cable immediately after impact. A
cortimioas wave front (W) of strain is formed. The lower strains propagate to
the left ahszd of the kink Q. Behind Q the strains continuously increase to the
uniform strain € . At some point of the increasing wave front, the longitudinal
disturbance velocity and the kink velocity are the same, i.e., c( € ) = c*(e ).
The strain level at {his point is denoted by ¢ @ and both c¢( €®) and c*( €®)
are denoted as cd. At every point behind the leading edge of the wave front,

the cable is in motion according to equation (4.3).



Kink Travels With Wave Front
€, u

®iu- U°'7_,_

. W \\
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Figure 28

78



The component of the cable velocity along the ¢ direction and with respect
to the ground is denoted by u and corresponds to the segment of the cable under
a strain € . Analogously, u’ = u( €®) denotes the cable velocity with respect
to the ground &t the ppint Q where € = € ®. Thus the kink Q moves away from
P with the velocity c*(e®) - u® or c® - u®. This result can also be found by
realizing that the pcipt Q is moving towards the undisturbed point A of the
cable at the same rate at which it is moving away from the fixed point P. Thus,

according to eguation (4.3)

®
ud - u =+f€

- i —— ._
o cde or U@ = U UO

in view of the initial condition that u = 0. Since the kink is moving rela-
tive to the cable (at strain € ®) by the amount c®, and since the cable at Q
is moving to the right relative to A by the amount of u®, the kink is approach-
ing A with the velocity c® - u® which is the same velocity by which Q separates

from P.

Writing a velocity-strain relationship between points of the cable under
the strains €® and € yields,

€
u® - u = + fé c de

according to equation (h.3). As a consequence of the postulate that €> € @,
it is immedistely deduced from the above equation that u® < u, that is, the
ceble near Q is moving away and to the left with respect to points of the cable
under the strain €. Thus the velocity at which Q separates from point R is
given by

c® + (u- ue)
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Again, to e¢xhibit the depsndence of u and therefore u - u’ upon the strain, the
velocity caz e written as
® - [ cde = cO+U-US

These vslocities are shown in the diagram of Figure 28. Using the law

of cosines yields an equation in the unknown strain € ,

&.2 2
) =

2
(c® U -1 v+ [¢®- (do v Uo)] +2V [cO - (U’ - Uo) ] cos P (%.8)

For the cage where Eo = 0, the function Uo vanishes, and as a consequence

®
u® = U and u = J. Thus the above gquation becomes

(c® +u - uO)'2 = 2, (c® - u‘)2 +2V (c® - u®) cos B
which is equivalent to Equation (3.6) of Reference 1.

The kink angle ¢ can be found from the law of sines for trisngle QRP:

sin sin B
=T—W———-
vf ¢c +U - d’

4.1.5.1 Kink Impact Ageinst Sheave (Reflected Kink Lags Wave Front)

When & kink encounters a gheave (which is assumed frictionless) a
new strein ¢ 1is propagated from the point of impact. The corresponding strain-
wave front is propagated without himdrance around the sheave as are all longi-
tudinal type disturbances. ©igure 29illustrates the conditions at the sheave

Just befora, and just aftay impact.

Initiglly, the cable is moving clockwise around the sheave with & velocity

u, and g strain el as illustiated in the small diagram of Figure2q A kink K,



Kink Impact Against Sheave

€. / .?.l Kink Lags Wave Front

F*gure 29
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with angle ﬁl approaches the sheave, Since the kink is travelling under a
strain of 61, the kink approaches the fixed poir‘xt P with velocity cl* - “1

The large diagram represents the situation just after impact. Two new
strain waves are created and travel away from the sheave and a new kink Q
moves away from the sheave. Behind the waves W and W' the strain is denoted
by € . The cable in front of each wave is as yet unaffected and hence the
strain is still €.

The projection R of the unaffected cable is a continuation of the motion K.
Thus R separates from P with velocity c: -y

Since Q is travelling under a strain €, the velocity of the kink with
respect to a point of the cable along B is given by c*, If the new cable
velocity around the sheave is denoted by u, then c* + u is the velocity by which
Q moves away from the sheave. But according to equation (4. 3) and by consider-

ing strain-velocities across W°,

u=w ¥ ]:J_Cde

=u, +U - U
uulUUl

Hence P§ represents the velocity

*
+ -
c -O’ul U Ul

With respect to the unaffected cable in front of W, the projection R has

*
the velocity c - Between points of the cable just behind and just before the
front W there exists a relative velocity. If u' and ui denote the components

of cable velocity just behind and just ahead of the front W,
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a' - u

=

€ -
= - fElCdt,

which is in accordunce with equation (4.4). Since € > €,» 1t is noted
thet w' < ui. ¥hysically, gpoints behind W move down and to the left relative to
points just ah=aé of W. Tharefore Q approaches unaffected points ahead of W

*
with velpeity ¢ - (ui - u'). Hence R and Q separate with velocity

X * €
¢, +q - Lﬁl cde

cr

* %
cl +q -U+ Ui,

®

s shown in the velocity diagram.

By ths use of the cosine law for triangle RPQ, an equation is obtained

in terms of the single unkngwn strain € which can be solved numerically:

» 1 2 * 2 * % 2
4 AU - ) = (¢ - - +
[c +uy + (U Ui)] (cl ul) + (cl +c U Ui)

* * *
- { -3 - :
2 (g al) (cl +c U+ Ui) cos ﬁl

The new kink argle, f, can be found from the law of sines:
sin @

Sii Q - - 1

e, -y ¢ 4w + (U - Ui)

&s p conseguence of reprossnting the wave front W in front of the kink Q,
it cian be tacitly assumed that in the above formulation the new strain € is
[ [ ]
restricted to valuss less than ¢ . The case where € > € is treated in the

foliowing saction.
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4.1, 3.2 KinkImpact ALainst Sheave (Reflected Kink With Wave Front)

The conditions which prevail along the cable prior to kink impact at

the sheave are the same as those given in Section 4. 1. 3. 1. However, if the
strain ¢ 1 is large enough, the resulting strain € will be so large that the
kink will be travelling with the same speed as some portion of the wave front,.
The large diagram in Figure 30 shows the kink Q travelling with the same velocity
as some portion of the wave W, Since the initial conditions are the same as
those given in the previous section, R separates from the sheave P with velocity
o - w

With respect to the portion of the velocity diagram designated by PQ,
kink Q is travelling with velocity c. with respect to the point of the cable

under strain € . Using equation (4. 4), however, a velocity-strain relationship

can be written along the wave front W for conditions at e. and € , namely,

®
Since € was assumed to be greater than € , it may be deduced from this relation-
ship that the portion of the cable under the strain G. is moving away and to
the right with respect to the portion of the cable under the strain € . With
respect to portions of the cable under strain e‘, the kink velocity of Q is
[ 4
given by ¢ ; thus kink Q separates from point P with the velocity,
[ ] L @ @
¢c +(u -u)+u=¢c -U +20+ w - V. This last relationship is obtained
with the aid of equation (4. 3) across W', This relationship is shown in the

diagram (Figure 30).
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Original Kink With Wave Front
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By referwzing the velocities of points R and Q to an unaffected point of
the csble ahead of the wave W and with the aid of equation (4.4), the separa-

tian velocity of X and q is obtained as:

*
1

+ o o+

I U..

c c y ! 1

USlng the law of cosines on tria.ngle RPQ, an equation is obtained for the

unknown function U:

2 * 2 * & @ 2
I - U = - - +
{c G +u +20 bl) (cl ul) + (cl +c U Ui)

* * L [ ]
-2 - - +
2 (cl ul) (cl +c 4] Ui) cos ¢l
which is quadratic in the function U. Determining U is equivalent to determin-

ing e, since it has besn assumed U is known as a function of € .

The new kink angie f can be obtained from the law of sines,

sin @ - 5 ‘sin ¢l
= =
& -y ¢c - U + u + 2U - Ui

4.,1.%.% Kink Impact Against Sheave. (Original Kink With Wave Front)

With reference to Figure 31, consider the case where a kink, K, with
kink angle Ql approaches a sheave, P. The kink K is assumed to be travelling
o o
in the midst of & wave front Wo, i.e., ¢ =o¢ ( € ) is assumed to hold. Behind

the wave front wo the strain is assumed to be at uniform €. with velocity u..

1 1
Th: large velocity diagram in the figure represents conditions along the
cable immediately after kink impact ageinst the sheave. Since impact against

the sheave tends to increase the maximum strain level the new wave W will lag

behind th: new kink Q. The strains near the kink Q will not necessarily be at
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the vniform strain el; rather, the rise of the front W may be interacting with
the still oncoming rise of W . However, this interaction is negligible for an
iastant . bBelow the point P another loading wave W' is represented and tends

to travel upstream to the cable.

The velocity with which the projection R separates from the sheave P is
the same as that by which kink K approaches point P. Thus RP of the velocity
(] ® L 4
diagram is denoted by ¢ - u . If desired, the value of u may be expressed

in terms of ths strain shead of the wave Wb by the use of equation (h.3).

With reference to PQ of the velocity diasgram, the kink Q has a velocity

*
cl with respect to points of the ceble along PQ which have the strain €l'

Between points Just shead of and just behind the wave front W, a relative

t

veloeity exists. If u represents the cable velocity behind W and uy denotes

the qable velocity just ahead of W, then in accordance with equation (L4.4)

Bince ¢ is greater than & it may be deduced from the above relatl onship

ll
that peints ghead of the wave move up and to the right with respect to points
behiqd the wave W. Thus since the velocity of Q with respect to the cable is

*v
cy and since by u is meant the velocity at which the cable passes around tne

sheave P, the velocity at which the kink Q separates from P is given by
* €
-u) +u-= ¢, +u+ él c d€

.x.
or, Jy cl +u+ 7 - Ui, Tre velocity, u, of the cable is as yet unknown. How-

ever, by considering the continuous wave front W and by the use of equation (4.3)



cde

[«

1

=

L}

*F
M

Usipg this expression for u the velocity at which the kink Q separates from point

P cen be given completely in terms of the unknown strain € :

* e
cl +u - di +2U0 - U

o
Again, the expression u can be given in terms of the cable velocity correspond-
ing to egl by the velocity-strain relationship across Wb, Therefore, the side

PQ of the valocity triangle can be represented by,

Y ouw +2(U-U)
C_.L .;.’LL_L"" ‘l!

which is indicated in the figure.

The velocity by which R separates from an unaffected point of the cable
ahzad of the kiank Q is the same as that by which K separates from the unaffected
cable. Petween portions of the wave front W6 there exists a relative velocity.

®
Usipg =gquation {4.3) between ppints of the wave front under strain € and 61

resplts in
*

.
u -u =+ [ cde
€1

. ) L 4
Since £ is greater than € , it can be deduced from the above equation that

o
points of the cable under strain € move to the left and down with respect

1" Therefore the velocity by which kink
L] @
K moves away from the unaffected portions of the cable is given by ¢ + wy -u

tc points of the cable under strain ¢

- ® 9
or. in t=rms of the i function, by ¢ + Ul - U . The velocity of Q relative to

*
s point cf the cable under strain ¢. is simply given by e - Hence points R

1
and § seperate with velocity,
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* 9
cl + ¢ +'(_'(1-U.
and is indicats«d in the figure.
Using thz law of cosinas there results an equation in the single unknown € :

* 2 ® ® * ® $,2
[ey +m +2 (@-10)1% = (®-u) (e +e” 40 - 0)

* ®
-2 (c. - u.) (cl te +U - U*5cos ¢l'

The new kink angle 9 can be found from the law of sines:

sin _ sin ¢1
[ ] B
- 2 -
c -u ¢, *tw * (u Ul)
HIEI Kink Impact Against Sheave With Disengagement

With reference to Figure 32 suppose that a cable under strain €l
is moving clockwise about a sheave, P, and further suppose that a kink K with
kink angle ¢l approaches the sheave from the right. Below the point F the
cable continuss to oxtend at an angle v as indicated. The large diagram of
Figur= 32 represents the situation just after impact of the kink and the sheave
has occurred. Two new waves are formed and propasgated awasy from the point of
impact. In addition, two kinks Q apd J are formed and are also propagated away
from the impact point. Since the new strain ¢ is larger than 63} both waves
W and W’ are loading waves. Across each wave front there exists a difference
in particle velocities. Thes: are given by equations (4.3) and (4.4) for

'
W and W respectively. With these relationships, and by referring the velocity

of the projection R and the velocity of Q to an unaffected point of the cable



Kink Impzact At Sheave With Disengagement

Figure 32
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L e e

in front of W, thz separation velocjty between R and Q can be found. Likewise,
by referring the velocities of the projection P and the kink J to an unaffected
roint of the cable in front of the yave W', the separation velocity existing
between the points J and P can be found. Since J and Q are points of the cable
under the same strain, their separation velocity is given by 2c*. The velocity
by which the projzction R szparates from P is the same as that by which the

*
original kxink ¥ approaches P and is given by ¢ - uy.

These velocities are shown in the diagram of Figure 3 From the diagram
*
an equation 1s obtained in terms of the functions ¢ and U which are known as

functions of the unkrown strain € :
' x.2 ¥ * ‘ * 2
(2c )" = [(cl +c -U+Ul) sin¢l+(c -U+U1-ul) siny ]
r * * . ) * * ) 2
+ \_(cl +c -J+Ll)cr~s¢l (c1 -u1)+(c -U+ U ul)cos'y]

The new orientation angle © can be found from

* * *
(cl +¢c -U+7U ) sinp +(c-U+U-u1)sin'y
1 1 1
tan © = ¥ % * *
(e; +¢ =U+U)cos P - (c; -uw)+(c -U+U -uw)cosy
1 1 1 1 "% 1~ %

If € < < , then no disengagement occurs and one of the preceding formulations

for the kink impact at the sheave applies.

4h.1.5. Meeting of K.ak and Tension Loading Wave

With reference to Figure 33, suppose that a kink Ko with kink

angle jbl is moving to the left under strain € Further suppose that a con-

l.
tinuous loading wave wo arproaches the kink from the left. Behind the wave

front the strain is designated by € o
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Kink Encountering 2 Tension Loadiug Wave
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Since the wave front is continuous, a continuous interaction will take
place between WO and Kb. However, since the resulting transverse disturbances
will be nondispersive, the principle of coincidization is applicable and they

can be treated ac kinks.

The large diagram of Figure 33 represents the situation after wave inter-
action with the kink has occurred. Two new longitudinal waves and two kinks
are created from the point of impact as shown in the figure. The wave moving
to the right, W, is a loading wave and behind it the strain is € . The wave
running to the left, W!, is an unlgading wave and behind it the strain is
designated by €r' The strain, sr, corresponds to the strain on the unloading
segment of the stress-strain curve as shown in Figure 34%. It is to be noted
that if the stress-strain curve were to be nonlinear but perfectly elastic,
then only the strain € would be present. Thus a strain discontinuity occurs
in segment RQ; however the stress cpntained therein is not discontinuous but
rather force equilibrium must be obperved. With reference to Figure 34 it is

noted that the relationship,

0’(62‘)- o(e)

€E_= €, = —
r 2 Ei

must hold in order for force equiliprium to be maintained. 1In the above re-

lationship E, denotes the modulus which corresponds to the initial portion of

i

the stress-strain curve.
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Schematic Stress-Strain Diagram Illustrating

An Unloading Strain Condition
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'
Further, it is noted that acrogs the wave W and according to equation

(4.3), the velocity strain relationship can be written,

t
where u, and U, denote the particle velocity behind and in front of W
respectively. Since ¢ is a constant the integration can be performed as

indicated.

With the exception of the above modification the method of analysis pro-
ceeds in a similar manner to those previously presented. With the aid of the
above relationship and by use of equation (4.4) on W the separation velocity

of R with respect to the projection K can be found as:

* * )+ U u
e, ¢ -cle -€,)+0U, -0

By the use of equation (4.4) on W and by referring the velocities of the pro-
Jection K and the kink Q to unaffected points of the cable just in front of

W under strain el, the separation yelocity of points @ and K can be found as:

*

* U
cl +Cc - + Ul

* *
The velocity at which the two kinks separate is given by cr + ¢ . These
velocities are indicated in the velocity diegram of Figure 33. From the velocity

diagram an egquation can be obtained as

2
_ * * 2 * * (e_-€_.)+U,-U
=(c; +¢ -U+U) + [e -¢ +c'r "2 2" 71 ]

* * * *
+ 2 (cl +¢ -U+ Ul) [cr -¢ - ¢ ( €. - 52) +U, - U ] cos ¢l



The &bove equaticn contgins the two unknown strains er and € ; however er can
be expressed in terms of ¢ as previously shown. Therefore the unknown strain e

can be determined and Lynce €y

The new kink angle f can be found from the diasgram:

sin f, _ sin ¢

RE L ——

e +e ¢y c - A
T Kink Overtaken by Tension Jump

t
With reference to Figure 35, suppose that a kink @ with kink angle

¢l is moving to the left under strain e Now suppose that a continuous

1
longitudinal wave front, Wo, interacts with the kink. Physically, since the
wave front is dispersed, the interaction will occur over & finite time interval
and along some length of the cable. However, in order to ascertain the final

effects & similar procedure may be used such as was presented in the preceding

sections.

The large diagram of Figure 35 represents the situation after the inter-
action has occurred. Due to the assumed form of the stress-strain curve (i.e.,
the unloading segment is distinct from the loading segment) there will exist a
strzin discontinuity in segment KQ. Again, the strain € and the strain er
are related by the expression given in Section L4.1.5. Since the strain is
uniform behind the waye front W and w', (except for the discontinuity at one

* *
point) the velocity by which Q separates from K is given by ¢ + c. -
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Ths velocity by which Q ssparates from K can be obtained by using equation
1]
(4.3) across W and by relating the individual velocities to the unaffected

'
portion of the cablis in front of W and is given by

* o) i
- - U+
¢ 1 1

Similarly, the veloeity by which K separates from R may be determined with
the aid of «yuzation (4.4) =nd by observing that W is an unloading wave and is

given by

C. + C + %
r '

1 -U +c(e,-€)

2 1 2 r
These velocities are represented in the velocity diagram of Figure 35.

From the triangle QRK can be obtained an equation in terms of the unknown

% x 2 X * * 2
(¢ +c ) g#(c -c¢ -u+[.)+[cl+cr +U2-Ul+£ (eg-gr)]

L *
+2 {2 -¢

* *
B - - ¢
1 o+ bl) (e +tec. +T U te ( €5 e,r) ] cos ¢l

Th- new kink angle ,[é can be found by the law of sines for the triangle:

sin § sin ¢l
S - e U+ ( ) * * .
G tep TaTh TEEy &y ¢t

4.1.7.1 Cable End Catapilted With Simulteneous Arrival of Kink And
Tension Wave (f-il-ctes. Rink Lravels With wave Front)

With refercace vo Figurs 3% suppose that a kink K with kink angle [bl

is mpving 1o the right towards thes fixsd cable end P undsr strain € Further,
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Cable End Catapulted With Simultaneous
Arrivsl of Kink and Tension Wave

Kink Travels With Wave Front
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suppose that behind K there approaches a tension jump "o such that the maximum
strain €, strikes the kink K at the time the kink reaches the cable end. More-
over, suppose that the cable end is catapulted at a velocity V at the time of
impact.

The diagram of Figure 36 represents the situation immediately after the kink
and wave interaction has occurred. If the velocity V is low enough and if the
strain € 2 is high enough, then the new kink Q will move at the same velocity as
some portion of the continuous wave front W, The strain at which this occurs
is given by e.. In front of the wave front the strain is still € o behind W
the strain is given by € .

The velocity by which projection R separates from the point P is the same
as that which the kink K approaches point P and is simply cl*. By the use of
equation (4. 4) across Wo and by equation (4. 3) across W (from eo to €, ), and
further by comparing the velocities of the projection R and of the new kink Q
with respect to unaffected points of the cable in front of W, the separation
velocity between Q and R can be found, This is given as:

e, "+ Cron, oo -0

With the aid of equation (4. 3) across the wave front W (between points

of the cable under strain e. and € ), the velocity by which the new kink Q

separates from the cable end under strain € can be found and is

e o
¢ -u +U

These velocities are indicated in the velocity diagram of Figure 36,
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From the guadrilateral QMPR the following relationship can be obtained:

& 2 N ) * [ 2
(e - T + U72 = ! {e +‘c° +20,-U -0 ) sinfp - Vsinu]
' ‘ e 2" 11 1

2
. ® @ *
1§ . - - 77 - 17 - - s
+ e te +20, -1 -0 ) cos ¢l ¢ V cos a] ,

. .. *
which is an egquation in U and ¢ which are known functions of the unknown

gtrain =~ .

The new kink angle ¢ can be found from the relationship:

* [ ]
{c.” + c6 +2U,-U -U) sinP, - Vsin a
tan (B + ) = —= e L
AR TR iy U - ) g - v e
(cl te +20, - U - cos p, - Vcosa - ¢

Zrom the case where V = 0 and € is equal to €l

applies to the case where a kink impacts against a fixed wall.

; the above formulation

k.1.7.» Cable End Catapulted With Simultaneous Arrival of Kink
And Tension Wave (Resultant Unloading Wave)

As indicated in Figure 37, the initial conditions in this case are
gxactly the same as those presented in the previous section. However, now
let us suppose that the cable end is catapulted with a velocity V large enough
such that the rssultant strain is lower than €o° In this case the new wave
front W will be of zn unloading type and will precede the new kink Q. The
strain ¢ 1s that strain which lies on the unloading segment of the stress-

strain curve which pssses through the point of the curve with coOrdinate €n-

Since the strain along the segment QM is uniform, the velocity by which

*
the kink separates from point M is given simply by ¢ . The velocity by which
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Cable End Catapulted With
Simultaneous Arrival Of
Kink and Tension Wave
(Resultant Unloading Wave)
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Figure 37
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point Q separates from the projection R may be found by applying equation (4. 4)
and equation (4. 5) across W° and W respectively. The resultant velocities
are indicated in the velocity diagram of Figure 37,

From the diagram an equation may be obtained in terms of the single unknown

strain €

(°*)2= {[Cl*’fc**UZ-Ul-g(e—ee)] s1n¢l-Vsina }2

x 2

* *
v ([ - +U2-Ul—£(e-52)] cos;él-Vcosa-cl }
The new kink angle § may also be found from the diagram as:

¥ *
[cl +c +U2-Ul-£(€-€2) ] sin¢l-Vsina

*

tan (P +¢l) =

X % ‘
[c” +e +U2-Ul-_g(e-52)] cos¢l-Vcosq - o

For the case where €, = €/ i.e., WO = 0, the above formulation is applicable
to the case where kink impact occurs at a fixed wall.

4,1,8 Interaction of Two Kinks and Two Waves

With reference to Figure 38 suppose that two kinks K.L and X,

approach each other under a strain of e Further suppose that behind each

1
kink there approaches a loading wave such as Wo and Wo' behind which the strains
are €, and 63. The two kinks collide at the same time that the peak strains

€ oand € 3 meet. This procedure is used to determine the overall final strain
distribution in the cable since in re=lity the longitudinal and transverse wave
fronts are continuously distributed along a finite segment of the cable.

The large diagram of Figure 38 represents the situation in the cable after

the wave interactions have occurred. Two rew kinks and two new continuous and
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Interaction of Two Kinks c
and Two Waves .2

Figure 38
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longitudinzl strain waves are created. Ahead of the wave W and ahead of the

!
wave W the strains are €5 and €., respectively. Behind each wave front the

3

strain is designated by € .
With the aid of equation (4.4) across W, and with equation (L..3) across
W , and by relating the velocities of the kink Q, and the projection Ké to
1]
points of the cable just ahead of W , the separation velocity of Q2 and K2 can
be determined as,
*

*
cl +¢ -U+ 2U3 - Ul

Since the strain behind each of the kinks is given by c , the two new kinks
separate with velocity 2c*. The separation velocity of the projections Ki and
Ké is given by 201*. With the aid of equation (%.3) across Wo and equation
(:.4) acrcss W, and by relating the velocities of projection K; and the kink
Ql to unaffected points of the cable ahead of W, the separation velocity

existing between Ki and Ql can be determined as,

e ivsou, -uU
c, +ec -U+20,-U

These velocities are shcown in the velocity diagram of Figure 38

Prom the diagram an equation can be obtained in terms of the single
unkncwn strain €

*.2 *

M * if T .
(2c )" = [(e; +c -TU+2U, - Ul) sin ¢2

* * 2
+ (e, +c -U+ 2U3 - Ul) sin ¢3 ] +

(" +<c -u+au, - U) 2c
i ¢y tc -U+2al, - 1 cos ¢2 - 20

*

+ (cl s - U+ 2U3 - Ui) cos ¢3 ]2
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*
The above equation may be solved for ¢ since U and ¢ are known functions

of ¢.

The new orientation engle © may be found from the relation:

(. 4c - U+20, - U ) sin g, + (c Yee -u+eu, -U ) sin P
tan @ = ———2t 2 1’ 2 1 3 1 3_

* * * ¥*

*
(cl +e -U+2U, - Ui) cos ¢2 -2 4 (cl tc -U+2U; - Ul) cos ¢3
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4.1.9 Plastic Loading Wave Overtaken by Unloading Wave

Consideration is here restricted to a material having a linear segment in
the plastic region of its tension-strain curve, as shown in Figure 39a. The
analysis then involves only singular waves and is thereby facilitated. The
analysis can be made applicable to nonlinear tension-strain curves if the load-
ing waves are first restricted to infinitesimal jumps, after which the effect
of a finite dispersed loading wave can be obtained by integration,

Figure 39b shows a plastic strain jump just before it is overtaken at x5
by an elastic unloading wave. Figure 39c shows the plastic strain jump emerging
beyond X; substantially reduced by the interaction, and a small reflected elastic
reloading wave. Five tension-strain states are involved, and are shown in
Figure 39a as states 0, 1, 2, 3, 4, States 0, 3, 1 lie on the plastic loading
curve having a tension-strain modulus of & p’ while states 1, 2, 4, lie on the
elastic unloading and reloading curve having a modulus of Ee

Given states 0, 1, 2, the problem is to find states 3, 4. Observe that
equilibrium and continuity at x5 require states 3, 4, to have equal tensions
and equal particle velocities, although state 4 has more permanent plastic

deformation than state 3. From Figure 39a the tension-strain relations are

T1 - To =EP (el -eo)

Tl - Tz = R, (61 -62)

T, -1, =& (6.3 -eo)

T -T, =&, (e‘ -ez)
-T = 0

3 4

while, by equations (4. 1) and (4. 2), the velocity-strain relations are
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u, - =\/Ee7p ) (el- ez)
ua -u, = Bp/K (Cs- €°)

Yt ¥ T /K (64- ez)

u - =0
3 u4

After the foregoing equations are solved for the unknowns, the solutions can be

expressed in the following convenient cimensionless form:

T -T € - €
1 3=1 4=12/
+ ¢ /¢

T, -T, 61-62 e/ "p
u u € €
1 - 3= 31~ 3 2

- € - € c
u1 u2 X R l+cp7e

where ¢, =¥ K /p and ey E; /I are the respective elastic and plastic

wave velocities. It is noteworthy that the solution is independent of the

initial state 0 and, hence, of the magnitude (€ -eo) original plastic strain
1

wave. Observe also that the plastic strain wave is reduced by an amount

(el-e ) which exceeds the original unloading (e -€ ).
s 12
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4, 2 Practicability of Specific Aircraft-Arresting Concepts

In an aircraft-arresting system which employs energy-absorbing material in
the cable, a new cable must be installed for each arrest., This feature should
not be regarded as impractical when it is realized that the aircraft to be arrested
will be exotic by present standards. There is only one pertinent criterion in
the evaluation of an arresting system for such an aircraft, and that is the
success of the arrest.

Consider an arresting system which has energy-absorbing material in the
cable as the sole sink for the kinetic energy of the aircraft to be arrested.

If after aircraft arrestment the final distribution of strain along the cable

were uniform, such an arresting system could be designed merely by providing, in
a cross section consistent with the maximum permissible aircraft deceleration,
that volume of cable material whose strain-energy capacity is adequate to absorb
the energy of the incoming aircraft. But the aircraft impact produces wave
phenomena which introduce severe nonuniformities of strain distribution.

It is therefore necessary to analyze the wave phenomena to determine the
extent to which the associated strain nonuniformities persist. If the final
amount of nonuniformity can be ascertained, an allowance can be made for it
simply by reduction of the usable 'strain-energy capacity on which the design is
based.

The following cases illustrate the method by which a particular design can
be evaluated.

4,2.1 Casel: EnersX-Absorbigg Cable with Fixed Ends

For an arresting system which consists simply of an energy-absorbing

cable stretched across the runway between fixed ends (Figure 40b), it is possible
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to determine an upper bound on the nonuniformity of the final distribution of
strain.

An example has been considered in which the ultimate strain of the material
is 0,50, With an arbitrary disign limit of 0, 40, calculations of strain non-
uniformity indicate that the design can be based on the strain energy associated
with an average strain of 0, 32,

Nonuniformity of strain distribution arises because the development of
strain is essentially a process of propagation of two strain waves that reflect
back and forth between the fixed end and the aircraft, increasing the general
strain level with each passage.

The two strain waves that contribute significantly to the nonuniformity are
(1) the strain wave generated upon impact by the aircraft and (2) the strain wave
generated when the first transverse wave interacts with the fixed end. These two
strain waves steadily increase their lengths because of the decrease of sonic
velocity with increasing strain. At the same time, the amplitudes of these two
major waves are diminished steadily by interaction with the many minor waves.

Minor waves will include both strain and transverse waves. They are gen-
erated by the continuous deceleration of the aircraft and by further interaction
of both minor and major waves already present, The minor waves make no significant
contribution to nonuniformity of strain distribution other than through their
beneficial effects on the two major waves,

For example, the deceleration of the aircraft generates a continuous un-
loading wave which travels many times faster than any loading wave in the plastic
region. This unloading wave is one of a relatively slight rate of decrease in

strain but, as it overtakes a loading wave, the strain amplitude of the latter is
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diminished at a rate nearly double that of the unloading wave itself. This
effect is readily explained ani cglculated by Figure 39 and the formulas of

Section &.1.9,

With an energy-absorbing material such as fully annealed stainless steel,
the deperdence of sonic velocity on strain is such that the summit (see Figure
Loa) of either major strain wave propagates at only a fraction of the velocity
of the leading edge of the wave. By the time the summit has made one round trip
from the aireraft to the fixed end and back, the leading edge will have traversed
this path several times. Thus various pcrtions of the wave will be in various
stages of reflection, propagating in opposite directions, and superposed on each
other, sc that the nonuriformity of strain over the length of the cable will be
oanly a fraction of the smplitude of the original wave. An estimate of this effect

ie readily computed with the aid of a sonic-velocity-versus-strain graph.

It remains to consider the history of the initial transverse wave, because
this wave retains its identity as a kink during the early part of the arrest and
therefore loums as a potential source of more than one major strain wave. The
ipitial kink generates one major strain wave when it reaches the fixed end; when
it returns o the aircraft, might it still have sufficient potency to generate

apother major strain wave? To angwer this question, the stability of kinks must

be examined.

A transverse wave can propagate stably as a kink when in, or when encount-
ering, a wave ci decreasing tension. In the latter instance there would be
& transverse roflection and the kink angle would increase, yet the kink would
be stable. Bul a transverse wave encountering continuously increasing strain

would be unstable as a kink becauge, if the transverse wave is dispersed slightly,
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the trailing part would be in a region of lower tension and so would fall further
behind rather than catch up., In this instance the total angle of the transverse
wave would decrease as reflection progresses.

In view of the continuous nature of the strain waves, it is apparent that
the transverse wave will alternately disperse and condense (and at the same time
dwindle and grow, respectively). But it would require an ideal set of circum-
stances for a kink to disperse and then condense back into a single kink, Before
condensation is completed, further dispersion will generally occur. Since the
strain is predominantly increasing, all transverse waves will predominantly
disperse and dwindle.

Thus the nonuniformity of strain distribution generated by the interaction
of the first kink against the fixed end may be regarded as a generous upper bound
on strain nonuniformity originating from transverse waves. Note that, even before
the first kink reaches the fixed end, it will encounter the reflection of the
first major strain wave and will become a well distributed transverse wave by the
time it reaches the fixed end. By the time it reflects back to the aircraft, its
effects can be regarded as minor.

In view of the foregoing discussion, the steps in design of an arresting
system comprised of a fixed-end energy-absorbing cable can be enurnerated as
follows:

1, Choose a maximum design strain safely below the ultimate strain of the

energy-absorbing material.

2. Compute the cross-section of the cable.

3. Compute the strain and kink produced by the aircraft impact.

4, Make a preliminary estimate of the final amount of nonuniformity of

strain distribution, Subtract half this estimate from the design strain
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to get the final average strain. Compare the strain energy at this
strain with the alrcraft energy and compute the required length of
cable. This preliminary design can now be evaluated, after which the
preliminary estimate of nonuniformity can be revised if necessary.

5. Compute the rate of unloading due to aircraft deceleration. Compute
the resulting decrease in the magnitude of the initial strain wave to
the 4ime its (now reduced) sumit reaches the fixed end.

€. Compute the spproximate strain when the first kink is about to reach
the fixed end. Ccmpute the additional strain produced by reflection of
the kink from the fixed end.

T. Ccmpute the approximate lengths of the two major strain waves at complet-
ion of the arrest. Compare each with the length of the cable to deter-
mine what fraction of each wave can contribute to final nonuniformity
of strain distribution.

8. Compare the total final nonuniformity of strain distribution with the

Preliminary estimate of Step 4 and revise the latter if necessary.

A numerical example will now be given to illustrate a procedure by which the

foregoing computaticns can be executed.

Suppose a fixed-ended 7 x 19 cable of fully annealed stainless steel is to
be designed to arrest a 40,000-pound aircraft engaging at 675 ft/sec with a max-
imum permissible deceleration of 9g. Figure 25 gives curves for wave velocities
in this material, Figure 27 gives a curve for particle velocity, and Figure 24
gives the tension-strain curve for a cross sectior. of 2.61 in2.

In view of the ultimate strain of 0.50 for this material, the maximm work-

ing strain or design strein may be chosen as 0.40.
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With a 9g limit on airqraft deceleration, the force must not exceed

360,00C 1t, which limits eaqh side of the deck pendant to 180,000 1b. According
to Figure 2%, a tension of 180,000 1b will develop at 0.40 strain if the total

steel area in the croes section is 2.61 %gg‘gg%—- =1.96 in2; this size section
2 .

should be used. Then the elastic modulus AEe= 15,700,000 1b and the elastic

wave velocity c, = 8690 ft/gec.

From the graphs of material properties and the formulas of Section 4.1.2.2,
it is found that an impact at 675 ft/sec produces & strain of 0.178, a kink of
45.90, and e tensicn of 155,000 1b. The kink travels at 930 ft/sec within the
strair wave where the strain is 0.163. The initial summit (0.178) of the strain

wave propagates at 890 ft/sec.

As a preliminary estimgte, assume that 0.16 will be the final nonuniformity
of strain. Then the final gtrain distribtution will Qary from 0.40 down to 0.24,
with a probable average of gbout 0.32. According to Figure 24 the strain energy
is 61,200 %fg% = 46,000 ft-}b/ft at 0.32 strain. Since the kinetic energy of the

aircraft is 1 40,000 6752 = 283,000,000 ft-1b, the required length of cable is
2 32.2

28h60880000 = 6150 ft. There will be about 3075 £t of cable on either side of
2

the aircraft.

The initial deceleration of the aircraft will be 2 (155,000) sin 45.9° _
Eé,ooo732.2 -

179 ft/eec2 which, according to Section 4.1.7.2, will unload the cable strain at
an iritial rate of 1%2 s*n h5.9o = 0.0148/sec and the tension will begin to

90
unlcad at a rate of 0.0148 (15,700,000) = 232,000 1b/sec. As deceleration con-

tinues, all three rates will diminish roughly exponentially with a decay time of
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40,000 (8690)

2(32.2) 15,700,000 gin° h5.9°
of the initial tension wave returns to the aircraft about 2, 1 sec after impact. The

= 0.667 sec until the leading edge of the reflection

average summit velocity will be about 950 ft/sec, so from Section 4. 1. 9 both un-

loading rates are reduced upon interaction by the factor 1—%-6—— = 0.197

950
while the summit strain will decay at the rate of I—;a——*-( 2200 .0148) = 0.0267/sec.
8590

In passing over the kink this rate will be reduced, according to Reference 2, by
2

the factor = = = 0.62 so that the net
i’gé'xggéooo 1-co; 45.9 + 1+ 908 45.9
]

rate of summit decay will be 0.0267 (0.62) = 0.0166/sec while the summit is

ahead of the kink. Actually, the summit begins behind the kink, catches it after
O_;_ 82'70316 = 0.56 sec..tl.en falls permanently behind the kink when the first
reflection from the fixed end passes it at about 2.1/2 = 1, 05 sec. The summit

will average about 950 ft/sec for the first 1. 05 sec, then slow to about 750 ft/sec,

reaching the fixed end (under superposed reflections) after 1.05 4 3972 %5850(1-05) -

3. 82 sec. Neglecting the short-lived situation in which unloading waves must pass
through the kink to reach the summit, the approximate magnitude of the summit upon
reaching the fixed end will be 0, 178 - 0, 0267 [0. 667 + (3.82 - 2, lﬂ‘ =0,114
(Since aircraft deceleration acquires fresh vigor upon feeling the reflection of the
major strain wave, it is assumed not to decay).

The kink will travel at an average velocity of about 1000 ft/sec after it
meets the first tension reflection from the fixed end. Thus the kink will reach

the fixed end after 1.05 + 312 = 930 (1.05) | 3.15 sec. At this time the part
1000
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of the strain wave just arriving at the fixed end is that part whose initial
velocity exceeded that of the 0, 114 strain by a ratio of 3. 82 to 3. 15, and from
Figure 25 its velocity is seen to be 3, 82 (1080) = 1310 ft/sec corresponding to a
strain of 0, 072. The strain level at3;:hl: fixed end, including all reflections,
will be just over double this value or about 0.15. By Section 4. 1. 3. 3, the new
straio is found by solving

(u2 -uy + cl*)z-- cl*2 + (2cl*)2 . 2(c1*)(2cl*) cos 45.9°
for u,, in which cl* and u, are based on € = 0,15, Thus

e ¥ = 900 £t/sec u = 256 trt/sec

uy v u, = ho £t/sec u, = 696 ft/sec
Inspection of Figure 25 reveals that no strain is high enough for v = 696 ft/sec.
The cable would break.

It is also noted from Figure 25 that the strain at time of kink impact would
have to be practically down to zero to permit a value of U, - uy = 440 ft/sec.
A basic problem with fully annealed stainless steel is that the transverse and
strain waves propagate with nearly the same speed at the higher strains, so that
the kink reaches the fixed end just when part of the strain wave has reflected and
the impact of the large-angle kink is then too severe.
It is concluded that the only practical way to arrest an aircraft at this

speed successfully with a fixed-ended rope of fully annealed stainless steel would
be to use a configuration such as is shown in Figure 40c. The angle should be such
that the initial impact produces the design strain at once. By this scheme a large
share of the available strain-energy capacity can be utilized before the damaging
kink reaches the fixed end. Also, the kink angle is considerably smaller. The
cable length should be such that the aircraft would be arrested by the time the
kink reached the fixed end. Some of the aircraft energy would be in the rope as
kinetic rather than strain energy at completion of the arrest, but this would
actually permit greater efficiency. A special case of this scheme is shown in

Figure 41 and analyzed in the next section,
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h.2.2 Case II - Energy Absorting Rope Using a Series of Sheaves *)

At the cutset, this system (Figure 41) appears to offer two possible
advantages over Case I.

1. Puysical arrangement of the cable along and parallel to the runway is

2. Sitrain distribution in the cable may be more uniformly distributed by
means cf the sheaves interacting with the transverse waves.

As in Cass I the following parameter values will be used:

Plane Weight = 40,000 pounds
Initial Plane Velocity = 675 fps

Cable Material = Stainless Steel
Cable Length = 6150 ft.

Cable Area = 1.96 in2

As shown in Figure "1 the first sheave of the series is arbitrarily placed
Loo feet from the point of impect of the hook against the cable. When the kink
reaches the first sheave, two vossibilities arise. Either the cable may remain
in contact with the sheave after the kink reaches it or the cable may disengage
from the sheave. Since the sscond alternative offers the desirable feature of
pre-determining the resulting strain by adjusting the angle of wrap Y around the
sheave, it is the case of greater interest and therefore will be investigated.

Not knowing at first how rapidly subsequent interactions will build up the
level of strain ard the rate at which these strains will decelerate the plane,

thereby feeding slack into the system, a promising level of strain produced by

*) In all of the interactions subsequent to impact the principle of coinci-
dizaticn as statzd ir Reference 2 is used in order to facilitate computations.
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Material: 7 x 19 Stainless Steel (50%) Cable
Arga of Metal: 1.96 in®
Total T.ength of Cable in System: 6150 ft.

Figure 41

Energy Absorbing Rope Using a Series of Sheaves
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the kink impact against the first sheave will be selected and the analysis con-
tinued on this basis. It is to be noted that the selection of strain at this
stage of the analysis is a hit-or-miss situation and not until the analysis is
carried further will it be known if the selection was correct. Clearly then
the solution for the correct strain level produced by the interaction at the
first sheave would involve numerous trials before the correct strain level is
found. It will also be observed that a similar situation exists when the second
and subsequent sheaves are encountered,

Selecting a level of strain of 35, 0% to be produced by the kink impact
against the first sheave and using the following input values which are deter-

mined by the method of Section 4, 1. 2, 2 for impact

€ = 16% €1 =17.8%
«®- 266 fes W, = 2.8 fos
A 925 fps ¢1 = 45° L1

the required angle of cable wrap can be determined. Using the method of Section
4. 1. 4 the angle of wrap of the cable is found to be ¥ = 49° 50 . See Figure
42,

Kink K3 and strain wave S3 then interact with the hook. Taking into account
the deceleration of the aircraft up to the time of the interaction with the hook,
the method of Section 4. 1. 3. 3 can be used. Figure 42 shows the resulting
situation. The strain produced by the interaction is 35, 4%. The small change in
strain levels means that there is for all practical purposes no strain wave
resulting from the interaction, Also the emerging kink is rather small being
only 6, 5°,

The deceleration of the aircraft up to the time of interaction of K3 and S

3
at the hook is approximately 5.5 times that of gravity due only to energy absorp-
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Figure 42

Sequence of Interactions for Case II
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tion by strain placed in the cable. Additional kinetic energy of the aircraft
will have been converted to kinetic of the cable and hence the aircraft velocity

will be significantly lower than 490 feet per second.

The fact that the 35.0% strain is now essentially uniformly distributed from
the hook out to the location of the 82 wave front ensures & continued smooth
deceleration of the aircraft at a slightly higher rate than before the inter-
action at the hook. If, after further deceleration of the aircraft and resulting
slack feed into the system, it becomes necessary to raise the strain level, kink

Ké can be allowed to interact with a sheave at some later instant.

Clearly the above procedure is a very promising method for arrestment of
high-speed aircraft. With several trial-and-error solutions similar to that
presented above, an optimum location and angle of wrap for the first and any
subsequent sheaves could be established such that an essentially uniform strain
level equal to the working strain of the material would be attained. Hence very

practical use of the energy-absorbing material would t2 achieved.

4,2.3 Case III - Energy-Absorbing Cable in Water Trough

In Section 4.2.1 it was found that an arresting system comprised simply of
an energy-absorbing cable between fixed ends 1s inefficient. Strain decay due to
aircraft deceleration results in continuous reduction of cable tension and
aircraft deceleration. One way to compensate for this effect of aircraft decelera-

tion was examined in Section 4.2.2,

Another way to compensate for aircraft deceleration is to submerge the cable

in a water trough of suitably varying depth, as shown in Figure 43. Peart of the
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cable will be in longitudinal motion through the water, and part will be in
transverse motion. Although only a short length will be in transverse motion,
the transverse drag coefficient and the transverse velocity are far greater than
their longitudinal counterparts. Therefore the effects of both transverse and

longitudinal motion will be investigated.

The exact equation for longitudinal motion of & cable through & still fluid is

" ‘g: + %%z + % cy (wd)pu |u|l =0

Since u > O in this application, the equation may be written as

pg}: + gi‘ + %CD(ﬂd)pu2=O (4.9)
where
u = cable particle velocity toward hoock
x = position coordinate along cable away from hook
T = cable tension
o = mass density of fluid

No analytic solution to Equation (4.9) is available.

However, an estimate of the longitudinal drag force can be made if we
temporarily neglect the reduction of u due to-reflection from the drag. This
reduction cannot proceed much faster than the deceleration of the aircraft, or
the cable would break between the aircraft and the kink. Neglecting this reduction,
we find that the longitudinal drag is

ct

e

Lo (ma)pf W ax
2 °D ®
ct
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Figure 43

System Using Waler Troughs
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The lower limit of the integral indicates that, behind the kink, the cable is
not in the water. Numerical integration based on Figures 25 and 26 shows that,

for 7 x 19 stainless-steel rope,

ct
e
£ w2 ax = 63,000,000 £t3/secS
®
ct
with
¢y = 0.0135 (estimate based on limited data)
@& = 0.17 ft (corresponding to 1.96 in2 metel area)
p = 1.94 slugs/ft3 (for water)

longitudinal drag develops at the rate of

-é- (0.0135) 7 (0.17) 1.94 (63,000,000) = 441,000 1b/sec

until the leading edge of the strain wave reaches the fixed end. With a 40,000-1b
aircraft at 675 ft/sec &s in Section 4.2.1, and with the arrengement indicated in
Figure 43a, about 3075 ft. of cable on each side of the runway would be required
to absorb the kinetic energy of the aircraft (the energy absorbed by water is

estimated to be less than 5% of the total, and is neglected). Thus the strain wave

3075

o 0.354 eec, at which time the drag is

reaches the fixed end after

441,000 (0.354) = 156,000 1b.

As this drag force developes, approximately half of it serves to reduce the
tension propagating ahead of it, while the other half is reflected back toward
the hook. Thus, tension in the deck pendant would grow at the rate of 220,000 1b/sec

due to longitudinal drag. But, according to Section 4.2.1, unloading due to
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aircraft deceleration proceeds at the rate of 232,000 1b/sec. Therefore the
deck-pendant tension remains nearly constant during the first 0.85 sec (it takes
this long for the reflection from the fixed end, which essentially eliminates
longitudinal motion, to reach the neighborhood of the kink and effectuate a

substantial decrease in drag).

As the reflection from the fixed end passes the kink and eliminates much of
the longitudinal drag, the reflection itself increases the deck-pendant tension
and thereby compensates for further aircraft deceleration up to perhaps 1.5 sec
after engegement. From 1.5 sec until the kink reaches the fixed end at 3.15 sec,
there is nothing but transverse drag to compensate for tension decay due to

aircraft deceleration.

Transverse velocity of the cable is approximately equal to aircraft velocity.

Therefore the transverse drag is

%CD (ﬂd)lpva

where

e 0.8 (estimate for transverse motion)

D
)/

wetted length in transverse motion, projected normal to motion.

Clearly / will be proportional to the depth of the trough. If we assume the kink
angle in the trough (Figure 43c) to be equal to the ™ink angle § in the plan view
(Figure U43a), then the required depth is £ tan @ (not £ sin P, because £ is the

horizontal component of the actual wetted length). It remains to determine the £

required for a desired drag force.
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From 1.5 sec.to 3.15 sec, the tension would decay perhaps 70,000 1b due
to aircraft deceleration (the rate is less than the initial 232,000 lb/sec,
because the aircraft is now much slower, making the cable orientation smaller
at the hook). To compensate for this decay, a drag of 140,000 1b is needed
because only helf the drag is reflected. When the aircraft has slowed to 100 ft/sec,

the required £ is

2(140,000) _
4= 58 (0.17) 1.96 (100)2 = 33-T ft

and if the kink angle is still 45.9° the required depth of the trough would be

33.7 tan 45.9° = 34.8 ft

While this seems somewhat deep, it should be noted that full compensation for
decelerative decay can be furnished down to 200 ft/sec with a trough depth of

only 8.7 ft.

All computed drag forces compare favorably with the 180,000 1b which the
cable can sustain at the design strain of 0.40. For other cable sizes, however,
the drag force varies only as cable diameter while tension must vary as cable
area; this would increase the relative magnitude of the drag forces on smeller

cables.
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4.3 Conclusion .

A fixed-end energy-absorbing rope is feasible for arresting high-speed
aircraft if the cable is so arranged that the design strain of the cable 1s reached
during the early part of the first transit of the strain wave. A possible arrange-
ment is shown in Figure 40(c), with the cable forming an angle at midspan. In actual
practice the cable could be arranged in a straight or curved line across the
runway to facilitate engagement. The angle between the aircrsft path and the
major portions of the cable should be made equal to that angle which would be
required (according to Equation 4.7 or 4.8) to produce the design strain upon an

oblique impact.

o~

This arrangement can be refined with a series of sheaves (Figure U41) so
arranged as to compensate for aircraft deceleration and thereby maintain approxi-
mately the design strain. With this refinement the final strain distribution will
be comparatively uniform so that the energy-asbsorbing material is more economically

utilized.

Submerging & fixed-end energy-absorbing rope in a water trough of suitably
varying depth appears to be & feasible way of maintaining nearly uniform strain
through most of the arrestment. However, experiments are needed to determine
whether the effects which were assumed in Section 4.2.3 to predominate are truly

the major effects in this type of arresting system.

Of the three cable arrangements considered, the energy-absorbing rope using
a series of sheaves appears the most attractive because of its simplicity of

operation and economical use of the energy-absorbing meterial.
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